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PREFACE 

Atomic physics, quantum optics, and mesoscopic physics have ad- 
vanced to the point that single quantum systems can now be 
controlled. With these advances, the study of quantum phenomena 
on the single system level is not limited to thought experiments, as 
was the case from the birth of the quantum theory of measurement 
up until only several years ago. These quantum phenomena can now 
be observed in laboratory experiments. Because of these advances, 
open fundamental questions in quantum theory, about the informa- 
tion that can be obtained in the quantum measurement of a single 
system, are now being faced in laboratories all over the world. The 
possibility of performing a series of nondestructive measurements on 
a single quantum system has renewed interest in the question of the 
physical reality of the wavefunction: What is the limit to the deter- 
mination of the quantum wavefunction of a single system? State-of- 
the-art precision measurements, which are based on the monitoring 
of the time evolution of a single physical system, have renewed 
interest in the question of the quantum Zen0 effect of a single system: 
What is the limit to the determination of the time evolution of a 
single system? Another question is that of the limit to precision 
measurements: What is the fundamental quantum limit to detection 
of an external classical force via monitoring a single driven harmonic 
oscillator? 

In this book we establish the quantum theoretical limits to the 
information that can be obtained in the measurement of a single 
system. We show that information about the unknown quantum 
wavefunction of the system is limited to estimates of the expectation 
values of the measured observables, where the estimate errors satisfy 

ix 
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the uncertainty principle. This is due to the reduction in the quantum 
state of the measured system: In a series of measurements of a single 
system, each measurement changes the wavefunction of the measured 
system in accordance with the measurement result, and therefore the 
statistics of each measurement result depend on the results of all 
previous measurements. Any quantum measurement that does not 
change the wavefunction of the measured system at all requires full 
a priori knowledge of this wavefunction. We show that this impossi- 
bility of determining the quantum wavefunction of a single system 
and the quantum Zen0 effect of a single system are equivalent, and 
impose a fundamental quantum limit to external force detection. In 
the monitoring of a single harmonic oscillator, this limit requires an 
exchange of at least one quantum of energy between the force and 
the oscillator. 

In carrying out the research described in this book, we were 
fortunate to have had the opportunity to interact with several of the 
world’s leading physicists. It is our pleasure to thank Prof. Yakir 
Aharonov of Tel Aviv University for introducing us to quantum 
theory and measurement, Profs. Steven Chu and Stephen E. Harris 
for introducing us to atomic physics and quantum optics, and Prof. 
Sir Michael V. Berry of Bristol University and Profs. Renata Kallosh 
and Andrei Linde of Stanford University for stimulating discussions 
and private communications about the foundations of quantum 
mechanics. 

It is also our pleasure to thank David B. Oberman for his 
humorous illustrations. 

This work was supported by the ERATO Quantum Fluctuation 
Project and the ICORP Quantum Entanglement Project of the 
Japanese Science and Technology (JST) Corporation. 
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8 In this book we have established the quantum theoretical 
limits to the information that can be obtained in the 
quantum measurement of a single system. 120 



CHAPTER 1 

OPEN FUNDAMENTAL QUESTIONS 
OF LIMITS TO INFORMATION IN THE 
QUANTUM MEASUREMENT OF A 
SINGLE SYSTEM 

Technology has advanced to the point where single quantum systems 
can now be controlled. Examples of this include the squeezing of 
single wavepackets of light [l]; the trapping of single atoms, ions, 
and even DNA molecules [2, 31; the Coulomb-blockading of the 
tunneling of single electrons [4-61 and single electron-hole pairs 
[7,8]; and the nondestructive detection of single photons [9]. 
With these advances the study of quantum phenomena on the 
single system level is not limited to thought experiments, as was 
the case from the birth of the quantum theory of measurement up 
until only several years ago. These quantum phenomena can now 
be observed in laboratory experiments. Examples of these include 
observation of the geometric quantum phase [lo- 121 acquired by 
single photons [ 131, the electromagnetically induced transparency 
[14] of single Bose-Einstein condensates of atoms [lS], the destruc- 
tive quantum interference of indistinguishable electrons [ 161 scat- 
tered from a single-electron mode beam splitter [17], and the 
dephasing (or decoherence) [ 18-20] of single electromagnetic cavity 
states [21,22], single atoms [23,24], and single mesoscopic electronic 
systems [25]. 

Because of these technological advances, open fundamental ques- 
tions in quantum theory, about the information that can be ob- 
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2 QUANTUM MEASUREMENT OF A SINGLE SYSTEM 

tained in the quantum measurement of a single system, are now being 
faced in laboratories all over the world. 

Quantum theory describes a single system by a corresponding 
quantum wavefunction (or state) that contains all relevant informa- 
tion about the system. The wavefunction is determined experimen- 
tally from the results of a series of measurements, each performed on 
a single system in an ensemble of identical systems [26-321, and is 
therefore said to have epistemological (statistical) meaning. The 
possibility of performing a series of nondestructive measurements on 
a single quantum system has renewed interest in the question of the 
physical reality of the wavefunction ([33-541 and see also [55-611): 
What is the fundamental limit to the determination of the quantum 
wavefunction of a single system? 

State-of-the-art precision measurements, such as those employed 
for gravitational wave detection and those that utilize scanning probe 
microscopy or Josephson junction circuits, are based on the monitor- 
ing of the time evolution of a single physical system. The classical 
noises that limit these techniques originate in the processes of 
dissipation and dephasing caused by the coupling of the monitored 
system with its environment. The possibility of isolating a physical 
system from its environment almost perfectly, so that it may be 
considered a quantum system, has renewed interest in the questions 
of the limits to the information that can be obtained in the monitor- 
ing of a single quantum system. One question is that of the quantum 
Zen0 effect of a single system ([62-791 and see also [18-251): What 
is the limit to the determination of the time evolution of a single 
system? Another question is that of the limit to precision measure- 
ments ([SO-1011 and see also [102-1131): What is the fundamental 
quantum limit to detection of an external classical force via monitor- 
ing a single driven harmonic oscillator? 

This book establishes the quantum theoretical limits to the infor- 
mation that can be obtained in the measurement of a single system: 
the limits to the determination of the quantum wavefunction of a 
single system [114-1201, the time evolution of the different physical 
observables associated with the system [121,122], and the external 
classical potentials which shape this time evolution [123]. 
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1.1 MEANING OF THE QUANTUM WAVEFUNCTION 

According to the projection postulate [ S S ] ,  quantum measurement 
induces reduction, i.e., stochastic change, in the quantum state of the 
measured system. It was recognized early on that the reduction 
would limit the determination of the wavefunction of a single system. 
In the words of Bohr [56 ] ,  “phenomena and their observa- 
t ion. .  . [are] designated as complementary.” In other words, the 
quantum state and the quantum measurement are mutually exclusive 
aspects of quantum mechanics. 

Aharonov, Anandan, and Vaidman recently suggested ([33-351 
and see also [36]) that the wavefunction of a single system could be 
determined from the results of a series of protective measurements of 
this system, where a protective measurement does not change the 
quantum state of the measured system. They suggested that for a 
single system known a priori to be in an energy eigenstate, an 
adiabatic measurement may be such a protective measurement, 
without requiring full a priori knowledge of the state of the system, 
and that a series of adiabatic measurements may determine the 
unknown energy eigenstate. Aharonov, Anandan, and Vaidman con- 
cluded that the protective measurement accounts for the physical 
reality of the quantum energy eigenstate. An unresolved debate 
ensued with various arguments for the impossibility [37-421 or the 
possibility [43-481 of determining the unknown quantum wavefunc- 
tion of a single system using a series of quantum measurements of 
this system. 

Imamoglu [49], Royer [ S O ] ,  and Huttner [Sl], for example, 
discussed the impossibility of determining the unknown spin 
wavefunction of a spin-1/2 particle using reversible measurements. In 
this reversible measurement scheme, the changes in the spin 
wavefunction due to a measurement of the spin are counteracted with 
a finite success probability by a subsequent spin measurement. 
However, the statistics of a series of successful reversible spin 
measurements of a single spin-1/2 particle are independent of the 
initial spin wavefunction of the particle, and therefore they cannot be 
used to determine the unknown wavefunction. 
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Illustration 1 In this book we answer the open fundamental questions in 
quantum theory about the limits to the information that can be obtained in 
the quantum measurement of a single system. 
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In Chapter 2 we establish the limit to the determination of the 
unknown quantum wavefunction of a single system. By analyzing the 
statistics of the results of a series of quantum measurements per- 
formed on a single system [114-1161, we prove that, while it is 
possible to estimate the expectation values of the measured observ- 
ables using these statistics, with the estimate errors obeying the 
uncertainty principle, it is impossible to estimate the intrinsic quan- 
tum uncertainties of these observables. This impossibility of deter- 
mining the wavefunction of a single system is due to the reduction: 
Each measurement changes the wavefunction of the measured system 
in accordance with the measurement result, and therefore the statis- 
tics of each measurement result depend on the results of all the 
previous measurements. 

In Chapter 3 we illustrate the relation between the reduction and 
the impossibility of determining the quantum wavefunction of a 
single system with the case of a series of quantum nondernolition 
( Q N D )  measurements of a single system [114-1181, where the Q N D  
measurement avoids all deterministic changes in the wavefunction of 
the measured system and induces only the minimal possible stochas- 
tic change in this wavefunction as is defined by the generalized 
projection postulate. We show that in terms of both the information 
that is obtained and the changes in the wavefunction of the measured 
system in each case, a series of Q N D  measurements of a single system 
is equivalent to a single measurement of that system rather than to 
a measurement of an ensemble of identical systems. This general 
result is illustrated with two examples: a series of photon-number 
Q N D  measurements of a single squeezed wavepacket of light, and a 
series of alternating Q N D  measurements of the (slowly varying) 
quadrature amplitudes of a squeezed wavepacket of light. 

In Chapter 4 we describe the first model for a quantum measure- 
ment without entunylernent, where partial a priori information about 
the state of the measured system allows one to avoid reduction in this 
state [ 118- 1203. Analysis of the statistics of the results of a series of 
measurements without entanglement performed on a single system 
shows that these statistics contain only the a priori known informa- 
tion in addition to the information that can be obtained by a series 
of quantum measurements that do not avoid the reduction. 

In Chapter 5 we show that the adiabatic approximation used in 
the analysis of the adiabatic measurement is not valid for the analysis 



6 QUANTUM MEASUREMENT OF A SINGLE SYSTEM 

of the quantum measurement process of a single system, since it 
approximates an actual entanglement of the measured system with 
the probe system as a disentanglement and therefore neglects the 
reduction in the state of the measured system C1203. 

We conclude that only the fully a priori known quantum wavefunc- 
tion of a single system can be determined exactly, and that therefore 
the quantum wavefunction cannot be ascribed physical reality. 

1.2 NATURE OF THE QUANTUM ZEN0 EFFECT 

The quantum Zen0 effect was introduced by Misra and Sudarshan 
([62] and see also [63-651) as the effect of a series of quantum 
measurements that induce reduction on the unitary time evolution of 
an ensemble of systems. This effect was shown, both theoretically and 
experimentally, to be indistinguishable from dephasing (e.g., [ 18-21] 
and see also [66-69]), where the predictions of quantum mechanics 
regarding the changes in the time evolution of the ensemble due to 
the series of measurements are independent of the measurement 
results. An unresolved debate ensued about the nature of the quan- 
tum Zen0 effect with arguments for this effect being a dynamical effect 
(e.g., [70-761) or a quantum measurement effect (e.g., [77-79)). 

In Chapter 6 we analyze the quantum Zen0 effect of a single 
system [121,122], i.e., the effect of a series of measurements on the 
unitary time evolution of the system and on the ability to monitor 
this time evolution using the measurement results. We show that this 
effect and that of the impossibility of determining the unknown 
quantum state of a single system are two descriptions, in the 
Schrodinger and Heisenberg pictures, respectively, of the same phe- 
nomenon. In the Heisenberg picture the measurement results cannot 
determine the initial quantum state of the system, and in the 
Schrodinger picture these results cannot determine the unitary time 
evolution of the single system. This general result is illustrated with 
an example of a two-level atom and a single-photon mode in a cavity. 

We conclude that the quantum Zen0 effect is more than a 
dephasing effect; it is truly a quantum measurement effect. 



OPEN FUNDAMENTAL QUESTIONS OF LIMITS TO INFORMATION 7 

1.3 FUNDAMENTAL QUANTUM LIMIT TO PRECISION 
MEASUREMENTS 

Almost all precision measurement techniques can be described ap- 
proximately by the model of a quantum harmonic oscillator driven 
by an external force, which in the limit of a vanishing natural 
frequency becomes a driven free mass. 

Braginsky et al. [80-831 and Caves et al. [84] suggested that the 
detection of the force is constrained by the standard quantum limit 
(SQL) when the position of the oscillator (or mass) is monitored, 
where a position measurement imposes back-action noise on the 
momentum and may increase the position uncertainty at a later time. 
Yuen [85] and Ozawa [86] showed that the position of a free mass 
could be monitored precisely using contructiue state measurements. 
They concluded that there is no limit to force detection via monitor- 
ing the position of the mass, when the state of the mass is reset to a 
known contractive state after each measurement. A long unresolved 
debate ensued, with various arguments for the possibility [87-921 or  
the impossibility ([93-961 and see also [97,98]) of beating the SQL 
to force detection in position monitoring. The possibility of beating 
the SQL in monitoring the position of a free mass, when the state of 
the mass is reset to a known contractive state after each measure- 
ment, also raised an  interest in the preparation of a free mass (or 
harmonic oscillator) in a specific initial quantum state, such as a 
squeezed state, for external force detection (e.g., [99]). 

Braginsky et al. [80-831, Caves et al. [84], and Hollenhorst [loo] 
also suggested that detection of the force beyond the SQL could be 
achieved via monitoring the number of quanta of energy of the 
oscillator using Q N D  measurements (e.g., [ l O l -  1133). 

In Chapter 7 we analyze the monitoring of the dynamic observ- 
ables of a quantum harmonic oscillator (or free mass) driven by an 
external force. We show that in the monitoring of the momentum of 
a free mass, determination of the force is independent of the initial 
uncertainty in the momentum due to the correlation between success- 
ive measurement results, where preparation o r  resetting of the state 
of the mass is unnecessary. In the monitoring of the position of the 
mass, without resetting the state of the mass after each measurement, 
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determination of the force is limited by the SQL, again due to the 
correlation between successive measurement results. This correlation, 
which was neglected in previous analyses, is also at the root of the 
impossibility of determining the quantum state of the single mass (or 
oscillator) [ 114- 1201. 

Applying this analysis to the historic debate about the meaning of 
the uncertainty principle and the completeness of quantum mechan- 
ics [57-611, we show that the uncertainty principle limits the 
determination of both position and momentum of a free mass at any 
given time, even when this time belongs to the past. We conclude that 
to this end quantum mechanics is complete. 

We analyze the general case of the monitoring of the dynamic 
observables of a harmonic oscillator, which is driven by an external 
force. We show that in this case the detection of the external force is 
limited only by the uncertainty in the simultaneous monitoring of the 
two slowly varying quadrature amplitudes, and is independent of the 
initial quantum state of the oscillator, in analogy to the monitoring 
of the momentum of a free mass. 

We also analyze the monitoring of the number of quanta of energy 
of the oscillator. In this case the detection of the force is limited by 
the minimum possible uncertainty in estimating the oscillator numb- 
er change due to the unknown and therefore arbitrary relative phase 
between the oscillator and the force. This arbitrary phase is also at 
the root of the quantum Zen0 effect of the single oscillator [121,122]. 
Force detection at this limit can be achieved by either QND or 
standard destructive number measurements, and requires resetting of 
the oscillator state to the vacuum state after each number measure- 
ment, in analogy to the monitoring of the position of a free mass. 

We conclude that there is a fundamental quantum limit to external 
force detection. This limit, which was neglected so far, requires an 
exchange of at least one quantum of energy between the force and 
the oscillator (and vanishes for the free mass). Force detection 
beyond this limit is impossible, no matter what quantum state the 
oscillator is prepared in, what observables of the oscillator are being 
monitored, or what measurement schemes are being employed [ 1231. 
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1.4 CONCLUSION 

This book establishes the quantum theoretical limits to  the informa- 
tion that is obtained in the measurement of a single system. Informa- 
tion about the unknown quantum wavefunction of the system is 
limited to estimates of the expectation values of the measured 
observables, where the estimate errors satisfy the uncertainty prin- 
ciple. This impossibility of determining the quantum wavefunction of 
a single system and the quantum Zeno effect of a single system are 
equivalent, and impose a limit to  precision measurement techniques. 
In the detection of an external force via the monitoring of a single 
harmonic oscillator, this limit requires an exchange of one quantum 
of energy between the force and the oscillator. 



CHAPTER 2 

IMPOSSI Bl LlTY OF DETERMI Nl NG 
THE UNKNOWN QUANTUM 
WAVEFUNCTION OF A SINGLE 
SYSTEM 

2.1 INTRODUCTION 

Two separate structures exist in quantum mechanics: the physical 
observables, which are represented by operators of the Hilbert space, 
and the physical systems, which are described by state vectors or 
wavefunctions. The quantum wavefunction contains all relevant 
information about the single physical system. However, in order to 
obtain this information, and determine the wavefunction experimen- 
tally, one needs to consider the statistics of the results of a series of 
measurements, where each measurement is performed on a single 
system in an ensemble of identical systems (e.g., [26-321). Therefore 
the wavefunction is said to have a statistical (or epistemological) 
meaning. The possibility of determining the quantum wavefunction 
of a single system from the results of a series of measurements of this 
system would give the wavefunction a deeper physical (or ontologi- 
cal) meaning. 

Aharonov, Anandan, and Vaidman recently suggested that the 
wavefunction of a single system could be determined from the results 
of a series of protective measurements of this system ([33-351 and 
see also [36]), where a protective measurement does not change the 
quantum state of the measured system. They suggested that for a 
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12 QUANTUM MEASUREMENT OF A SINGLE SYSTEM 

single system that is known a priori to be in an energy eigenstate, an 
adiabatic measurement may be such a protective measurement, 
without requiring full a priori knowledge of the state of the system, 
and that a series of adiabatic measurements may determine the 
unknown energy eigenstate. Aharonov, Anandan, and Vaidman 
concluded that the protective measurement accounts for the physical 
reality of the quantum energy eigenstate. An unresolved debate 
ensued with various arguments for the impossibility [37-421 or  the 
possibility [43-481 of determining the unknown quantum wavefunc- 
tion of a single system using a series of quantum measurements of 
this system. 

The quantum measurement is composed of three stages: prepara- 
tion of a quantum probe, interaction of the probe with the measured 
system (i.e., the signal), and an ideal quantum measurement of the 
probe that induces reduction in the quantum state of the probe. The 
unitary interaction of the probe and the signal leads, in general, to a 
deterministic change in the quantum state of the measured system. 
Usually the probe and the signal are entangled after this interaction, 
in which case the reduction in the quantum state of the probe leads 
to a reduction (i.e., a stochastic change) in the quantum state of the 
signal. It was recognized early on that the reduction induced by the 
measurement process would limit the determination of the quantum 
state of a single system. In the words of Bohr [56] ,  “phenomena and 
their observation.. . [are] designated as complementary,” that is, the 
quantum state and the quantum measurement are mutually exclusive 
aspects of quantum mechanics. 

Consider, for example, an ideal quantum measurement, which is 
required to satisfy the projection postulate [SS]. Such a measurement 
is sometimes referred to as uon Neurnann’s measurement. This ideal 
quantum measurement of a single system always yields one of the 
eigenvalues of the measured observable (Fig. 2.1). Usually this 
eigenvalue can be used to estimate the expectation value of the 
observable (i.e., the center position of the probability density of the 
observable), with the estimate error being equal to o r  greater than 
the uncertainty of the measured observable (i.e., the width of the 
probability density). The uncertainty of the observable could never 
be estimated using this single measurement result. In fact this 
uncertainty cannot be estimated even if one were to use the results of 
additional measurements performed on the single system. After the 



UNKNOWN QUANTUM WAVEFUNCTION OF A SINGLE SYSTEM 13 

Quantum System 
Device 

41 
Figure 2.1 According to the projection postulate, the ideal quantum 
measurement of the observable 4, would result in G I ,  which is one of the 
eigenvalues of 4. This ideal quantum measurement reduces the initial state 
of the measured system to the corresponding eigenstate lljl),. 

measurement the quantum state of the system is reduced to the 
eigenstate that corresponds to the measured eigenvalue. The results 
of additional measurements of the system would not add any 
information about the initial quantum state of the system: The error 
in the estimation of the expectation value of the measured observable 
would not be reduced, and the estimation of the uncertainty would 
not be possible at all. 

When a very weak (or imprecise) measurement is performed on a 
single system, this measurement would leave the wavefunction of the 
system almost unchanged. A series of weak measurements performed 
on the same system would therefore give some additional information 
about the initial wavefunction of the system. Since the measured 
system is approximately in the same state when the different measure- 
ments are performed, one may expect the statistics of the measure- 
ment results to be approximately the same as the results of 
measurements performed on an ensemble of identical systems. For 
example, one may expect the statistics of these measurement results 
to allow estimation of the uncertainties of the measured observables 
with finite estimate errors; or, one may expect the statistics of these 
measurement results to allow estimation of the expectation values of 
the measured observables with the estimation errors being less than 
the uncertainties associated with these observables. These would 
distinguish a measurement of the quantum wavefunction from a 
measurement of the physical observables. 

Note that this intuitive picture does not violate unitarity, or 
conservation of probability. It is well known that distinguishing 
between different unknown superpositions of two orthonormal states 
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Illustration 2 The ideal quantum measurement leads to collapse, or reduc- 
tion, of the quantum state of the measured system. 
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with certainty violates unitarity, and is therefore impossible [52,53]. 
However, distinguishing between different unknown superpositions 
of two orthonormal states with a finite error does not violate 
unitarity, and may be possible. Similarly, estimating both the expec- 
tation value and the uncertainty of observables measured on a single 
quantum system with finite estimate errors does not violate unitarity 
and may be possible. 

In this chapter we show that this intuitive picture fails. One cannot 
in fact extract any information about the initial quantum wavefunc- 
tion of a single system at all using a series of quantum measurements 
of the single system, regardless of the measurement strength (or 
precision) [114-1161. 

In Section 2.2 we describe the generalized model of a quantum 
measurement of a single system. In Section 2.3 we consider the 
information that can be obtained in a single quantum measurement 
of a single system. In Section 2.4 we consider the information that 
can be obtained in a series of measurements of a single system in 
comparison to a measurement of an ensemble of identical systems. 
We prove that the statistics of the results of a series of measurements 
of a single system can be used to estimate the expectation values of 
the measured observables, with the estimation errors being equal to 
or greater than the initial quantum uncertainties associated with 
these observables. Estimation of the initial quantum uncertainties, 
however, is impossible, since the statistics of the measurement results 
are completely independent of these quantum uncertainties. This 
impossibility of determining the quantum wavefunction of a single 
system is due to the reduction: Each measurement changes the 
wavefunction of the measured system in accordance with the 
measurement result, and therefore the statistics of each measurement 
result depend on the results of all the previous measurements. 

We conclude that the unknown wavefunction of a single system 
cannot be determined from a series of measurements of this system; 
and that the quantum wavefunction can have a statistical (epi- 
stemological) meaning only. 
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Illustration 3 When the quantum measurement is weak (or imprecise) the 
quantum state of the measured system remains almost unchanged. 



UNKNOWN QUANTUM WAVEFUNCTION OF A SINGLE SYSTEM 17 

Interaction . 

D 

Measuring 

i i l  

Figure 2.2 The measurement of a quantum system, i.e., a signal, is 
composed of three stages: preparation of a probe system in the pure state 
[4 )p ,  interaction of the probe with the signal 6, and measurement of the 
probe, which gives the inferred measurement result ijl and collapses the state 
of the probe to the corresponding eigenstate [ G I ) .  In general, the probe and 
the signal are entangled after their interaction, and the collapse of the probe 
changes the state of the signal in accordance with the measurement result. 

2.2 GENERALIZED MODEL OF THE QUANTUM 
MEASUREMENT OF A SINGLE SYSTEM 

Consider a quantum measurement of the observable 4 of a single 
system. This system, the signal, is initially in the pure state I$),, and 
is described by the density operator i0 =I$),,($I. The only require- 
ment of the measurement is that it fulfill the generalized projection 
postulate. Sometimes these measurements are referred to as Pauli’s 
j irst-kind measurements. During the measurement process, the signal 
is correlated to a probe system, and after the correlation the probe is 
measured to yield the inferred measurement result ijl (Fig. 2.2). The 
probability-amplitude operator, ?= p ( i j l  I filb)p, completely de- 
scribes the three stages of this measurement [ S S ,  831: the preparation 
of the probe in the pure state Ib),,, the interaction of the probe with 
the signal fi, and the result of the measurement ij l ,  which corre- 
sponds to the state of the probe after the measurement lijl),. The 
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probability of obtaining the measurement result ijl is 

P(ijl) = Tr,[pPoptl = dq , (q l~ f io~t lq)s ,  (2.1) s 
which can be generally written as 

As we discuss in Sections 2.3 and 2.4, the statistics of the results of a 
measurement of an ensemble, where a single measurement is per- 
formed on each system in an ensemble of identical systems, would 
give the probability density P(ijl). Note that this analysis holds also 
for the case of a discrete, rather than continuous, probability density 

After the measurement, the system is described by the density 
P(ii 1). 

operator 

3 = P(ijl)-lfjoF+. (2.3) 

From Eqs. (2.2) and (2.3), the corresponding probability density of 4 is 

(2.4) 

Note that P(q, ijl), the probability density of @ after a measurement is 
performed, depends on the result of the measurement ijl. The 
measurement process therefore modifies the wavefunction of the 
measured system in accordance with the measurement result. 

P(4,GJ = ,<qIfil4>, = P(G1)- ld(q - 4l)P(d. 

2.3 STATISTICS OF THE RESULT OF A QUANTUM 
MEASUREMENT OF A SINGLE SYSTEM 

Consider now the statistics of the measurement result ijl.  The 
measurement result can be used to estimate the initial expectation 
value of 4, i.e., the center position of 

Gl) = [ 4, 

The measurement result ijl can also 

the probability density P(ijl), 

P(ij1)ijl. (2.5) 

be used to estimate the second 
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Expectation Value (i)  Measurement Result 4 

4 
Figure 2.3 The result 6 of a measurement of a quantum system can be used 
to estimate the expectation value ( 6 )  of the measured observable 6,  which 
is the center position of the probability density of this observable P(q); the 
minimal estimate error is the initial quantum uncertainty associated with the 
measured observable (AG2), which is the width of the probability density 
P(q). This quantum uncertainty cannot be estimated from a single measure- 
ment result. 

moment of the probability density P(Q J, 

(4:) = 4 1  P(Q1)G:. s 
However, the initial quantum uncertainty associated with $, i.e., 

the width of the probability density P(G1), 

(4:) = (4:) - ( 4 J 2 ,  (2.7) 

cannot be estimated using only the one measurement result Q1, since 
(Q1)2  cannot be estimated (Fig. 2.3). 

2.4 STATISTICS OF THE RESULTS OF A SERIES OF 
QUANTUM MEASUREMENTS OF A SINGLE SYSTEM 

Assume that a second measurement of the observable lj is an exact 
measurement which is performed on the single system immediately 
after the first measurement, and results with ij2. The conditional 
probability to obtain G 2  in this measurement is 

(2.8) 



20 QUANTUM MEASUREMENT OF A SINGLE SYSTEM 

Consider now the statistics of both measurement results ijl and i j 2 .  
Each measurement result can be used to estimate the initial expecta- 
tion value of 4, i.e., the center position of the probability density 
P(4 1),  since the ensemble average of each measurement result equals 
(41 >, 

Each measurement result can also be used to estimate the second 
moment of the probability density P ( i  because 

The initial quantum uncertainty associated with 4, i.e., the width of 
the probability density P(G1), cannot be estimated using only one of 
the measurement results ijl or ij2, since (ij1)2 cannot be estimated. 

If ijl and ;i2 were independent results, obtained from two different 
quantum systems, that belong to the same ensemble and were, 
therefore, initially in the same quantum state, their correlation would 
be 

(4142)  = (41>(42>  = (W2. (2.11) 

This correlation then would provide the missing information about 
(ij1)2, and (Aij;) could be estimated using both measurement results. 

In our case, however, the conditional probability density to obtain 
the second measurement result ij2 depends on the first measurement 
result G I .  Therefore the correlation of the two measurement results, 
which are taken from the same quantum system, does not give 
information about (al)’; rather, it gives information about (GI), 

The main difference between a measurement of an ensemble and a 
series of measurements of a single system, in terms of the information 
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obtained in each case, is that an  ensemble measurement gives the 
probability density P(ij l)  of Eq. (2.1), and a series of measurements of 
a single system does not. This is because the wavefunction of the 
measured system changes each time a measurement is performed in 
accordance with the measurement result, as a direct consequence of 
the reduction. 

We conclude that in terms of the information obtained in each 
case, a series of measurements of a single system is equivalent to a 
single measurement of this system rather than a measurement of an 
ensemble of identical systems. The quantum uncertainty (AG;) = 

( 6 ; )  - is not an observable, unlike the quantum expectation 
value ( G I ) ,  which can be estimated from the measurement of a single 
system; quantum mechanics is not an ergodic theory, unlike classical 
statistical mechanics, in which a series of time measurements of a 
single system is equivalent to a one-time measurement of an  ensemble 
of identical systems. 

2.5 CONCLUSION 

We showed that the information obtained in a series of quantum 
measurements of an observable of a single system about the prob- 
ability density of this observable is limited to an estimate of the 
expectation value of the measured observable, with the minimal 
estimate error being the initial quantum uncertainty associated with 
this observable. Information about this quantum uncertainty of the 
measured observable is not available at all. This is due to the 
correlation between the results of successive measurements of a single 
system, which originates in the reduction. 

We conclude that the unknown quantum wavefunction of a single 
system cannot be determined, or  even estimated approximately, from 
a series of measurements of a single system. 



CHAPTER 3 

QUANTUM NONDEMOLITION (QND) 
MEASUREMENTS OF A SINGLE 
SYSTEM 

3.1 INTRODUCTION 

In Chapter 2 we proved the impossibility of determining the quantum 
state of a single system from the results of a series of quantum 
measurements of the system. We showed that the main difference 
between a measurement of an ensemble and a series of measurements 
of a single system, in terms of the information obtained in each case, 
is that an ensemble measurement gives the probability density 

P(4J = TrsC8ijo~+1 = dq s ~ ~ l ~ P o ~ + l ~ ~ s ,  (3.1) s 
and a series of measurements of a single system does not. This is 
because the wavefunction of the measured system changes each time 
a measurement is performed in accordance with the measurement 
result, as a direct consequence of the reduction. 

The statistics of the results of a quantum measurement of the 
observable lj performed on an ensemble of systems, would always 
give the probability density P(al) of Eq. (3.1). For this ensemble 
measurement to be a determination of the wavefunction, one should 
be able to infer from P(q",) the initial probability density of 4, 

PO(d = s(41Po14),. (3.2) 
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One may choose to use a quantum nondemolition (QND) measure- 
ment of 4 (e.g., [83,102]), in which the unitary time evolution oper- 
ator fi, describing the interaction of the signal and the probe, is 
required to commute with the measured observable 4, 

[ fi, 43 = 0. (3.3) 

Note that when the initial state of the signal is known to be I$), = 0, 
Eq. (3.3) gives a sufficient QND condition, where the necessary QND 
condition is [6,4] I$), = 0. The statistics of the results of a QND 
measurement of lj of an ensemble would give the probability distribu- 
tion P,(q). In fact the probability distribution of 4 for the ensemble 
of systems does not change at all due to the QND measurement of 
the ensemble. The QND measurement leads only to the minimal 
stochastic change in the state of the measured system, as defined by 
the generalized projection postulate, and does not lead to any 
deterministic change in this state at all (Fig. 3.1). 

In this chapter we illustrate the relation between the reduction and 
the impossibility of determining the quantum wavefunction of a 
single system with the case of a series of QND measurements of a 
single system [114-1181. 

In Section 3.2 we consider the general model of alternating QND 
measurements of two canonically conjugate observables performed 
on a single system [114-1161. 

In Sections 3.3 and 3.4 we discuss two examples, both using QND 
measurements, which have been demonstrated experimentally. The 
first example [114, 116, 1171 is that of a series of QND measurements 
of the photon-number (e.g., [9] and [104-1101) performed on a 
squeezed wavepacket of light. We show that due to the measurement 
process, the squeezed wavepacket undergoes saturated quantum 
Brownian motion, while it continuously collapses to a photon- 
number eigenstate. The second example [114,116] is that of alternat- 
ing QND measurements of the two (slowly varying) quadrature 
amplitudes [ l l l ,  1121 of a squeezed wavepacket of light. We show 
that the noise distribution of this squeezed wavepacket is con- 
tinuously modified by the measurements, until it is determined solely 
by the measurement errors, and is completely independent of the 
initial quantum uncertainties of the two quadrature amplitudes. In 
this limit the squeezed wavepacket undergoes free diffusion, preserv- 
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(a) Probability Density of the Measured Observable 
Measurement Result 

Measured Observable 

(b) Probability Density of the Conjugate Observable 

Conjugate Observable 

Figure 3.1 The QND measurement induces the minimal possible stochastic 
change, as defined by the generalized projection postulate, and avoids any 
deterministic changes in the quantum state of the measured quantum 
system. (a) The center position of the probability density of the measured 
observable shifts toward the measurement result, and the probability density 
narrows. (b)  The probability density of the conjugate observable widens due 
to the back-action noise, as is required by the uncertainty principle. 

ing its noise distribution. The changes in the measured squeezed 
wavepacket of light are different in each example. Yet, in both 
examples, it is due to these changes that the statistics of the 
measurement results lack any information about the uncertainties of 
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the measured observables, and the measurement of the wavefunction 
of the single squeezed wavepacket is inhibited. Note that the QND 
measurement of the photon-number is analogous to the QND 
measurement of the momentum of a free particle [103]. Also the 
QND measurements of the two quadrature amplitudes are math- 
ematically equivalent to the QND measurements of the position and 
the momentum of a mechanical harmonic oscillator. Our two 
examples therefore cover all QND measurements known today. 

In Section 3.5 we derive the general condition for a QND measure- 
ment which is also a protective measurement, in which the quantum 
wavefunction of the measured system is not changed at all. We show 
that only when the measured system is in an eigenstate of the 
measured observable, the QND measurement is also a protective 
measurement that gives information about the measured system. 

We conclude that the unknown quantum wavefunction of a single 
system cannot be inferred from the results of repeated quantum 
measurements. Mathematically, this is because each measurement 
result depends on the results of all the previous measurements. 
Physically, the measurement process modifies the wavefunction of the 
measured system in accordance with the measurement result, which 
is the information obtained about the system. This modification is a 
direct consequence of the projection postulate. The reduction there- 
fore inhibits the measurement of the quantum wavefunction of a 
single system and limits the wavefunction to having a statistical (or 
epistemological) meaning only. 

3.2 SERIES OF QND MEASUREMENTS OF A SINGLE 
SYSTEM 

Consider the general model of a series of alternating QND measure- 
ments of the two conjugate observables 4 and performed on a single 
quantum system. The statistics of the 4 measurement results are 
expected to give information about P,(q), the initial probability 
density of 4, i.e., estimates of the initial center position of this 
probability density (or the expectation value of 4) ( q o )  = j d q  Po(& 
and the initial width of the probability density (or the uncertainty 
associated with 4) (Aqi)  = (4 : )  - (qJ2, where (4 : )  = J d q  Po(&’. 
In the same way the statistics of the measurement results are 
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expected to give information about Po@) = s (p@olp ) s .  Note that this 
model applies to the case of repeated measurements of the observable 
@ cos 8 + j sin 8 for all O E  [0,271]. Indeed, one needs at least informa- 
tion about the probability densities of all of these observables in order 
to reconstruct the wavefunction of the measured system (e.g., [26]). 

The first measurement is a measurement of 4. From Eqs. (3.1) and 
(3.3), the probability of obtaining the measurement result ijl in this 
measurement is 

(3.4) 

where X(q ,  ijl) = s(q12(g, ijl)lq>, is the probability for the probe to 
undergo a transition from the state to the state lijl),, when the 
signal is in the state lq)s, and 2(G,ij1) = f'f is the generalized 
projection operator. Note that X(q ,  ijl) depends only on the different 
aspects of the measurement process, while Po(q) depends only on the 
initial state of the measured system. 

We assume that the measurement processes satisfy the following 
three conditions. Note that while these conditions are reasonable, 
they are not necessary for the following proof to be valid. First, the 
transition probability of the probe is required to be normalized over 
all possible final states of the probe, 

The measurement result ijl,  which is the inferred value of @, should 
equal, on average, the center position of the probability density of 4, 
which is ( a l )  = ( q o ) .  This leads to the second condition, 

The signal and the probe should be independent of each other. 
Therefore the probability error associated with the measurement 
result ijl should equal the sum of the measurement error A: and the 
initial quantum uncertainty, which is due to the initial width of the 
probability density, (Aij;) = (ij:)-(ij1)2 = ( A q i ) + A i .  From this 
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we obtain the third condition, 

(3.7) 

Using Eqs. (2.3), (3.3), and (3.4), we obtain that the probability 
density of i j  after the first measurement is 

P(q, 41) = P(Q 1)- ' X h  41)Po(q). (3.8) 

As before, P(q, ijl) depends on ijl. 
Next, the canonically conjugate observable f i  is measured. Accord- 

ing to the Heisenberg uncertainty principle, it is impossible to avoid 
a change in the probability density of i j  due to this measurement 
(unless some a priori information about the state of the system before 
the measurement is given). We assume, though, that this change is 
the minimum change possible, in order to investigate the fundamen- 
tal restrictions imposed on the measurement of the wavefunction of 
a single quantum system. In this case the probability density of 
changes from P(q, g l )  to Pl(q, ijl) as follows: The center position is 
unchanged, 

r r 

(3.9) 

but the width increases due to the back-action noise A:, 

[ 4 P l h  41h2 = s d4 P(q, 41h2 + A t .  (3.10) 

Now 8 is measured for the second time. Following the treatment of 
the first measurement of ij in Eqs. (3.4) to (3.7), the conditional 
probability to obtain ij2 in this measurement, after ijl is obtained in 
the previous measurement, is 

r 

(3.1 1) 

Consider the statistics of the results of the two measurements of 4. 
Each of the measurement results, ijl or ij2, can estimate the initial 
center position (qo) .  Indeed, as can be seen from Eq. (3.6), this is one 
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of the three conditions the measurements are assumed to satisfy, 

(61) = ( 4 O h  (3.12) 

(3.13) 

As was mentioned before, this assumption is not necessary for our 
general proof to be valid. We make this assumption because, obvi- 
ously, it is possible to estimate the expectation values of different 
observables from the results of measurements performed on a single 
quantum system. Therefore it is not the lack of information about 
these expectation values (or the center positions of the corresponding 
probability densities) that inhibits the measurement of the wavefunc- 
tion of a single quantum system. The second-order moment (4 : )  can 
also be estimated using either ijl or i j 2 ,  since 

where the measurement error A: and the back-action noise A: are 
parameters of the measurement process, independent of the state of 
the measured system, and therefore known to us. One cannot, 
however, estimate the initial width ( A q i )  using a single measurement 
result, since a single measurement result does not contain informa- 
tion about (q0)’ .  As before, if a l  and i jz were each obtained from 
one of two independent quantum systems, which belong to the same 
ensemble, their correlation would provide the missing information 

(3.16) 

and (Aqi)  could be estimated using both measurement results. In 
our case the statistics of the second measurement result ij2 depend on 
the first measurement result ijl, due to the change imposed on the 
wavefunction of the measured system by the measurement process. 
Therefore the correlation of the two measurement results, which are 
taken from the same quantum system, does not give information 
about (q0)’; rather, it gives 

(3.17) 
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In fact, for the measurement results ijl and i j 2  to give an estimate of 
( q o ) 2 ,  the transition probabilities X ( q ,  ijl) and X ( q ,  i j 2 )  should de- 
pend on (qo) .  This is impossible, since X ( q ,  G I )  and X ( q ,  i j 2 )  are 
independent of the state of the measured system, as can be seen from 
Eq. (3.4). The conditions of Eqs. (3.5) to (3.7) are, therefore, not 
necessary for our conclusion to be valid. 

This treatment can be easily extended to include as many measure- 
ments of l j  as we want, by way of mathematical induction. For the 
kth measurement result we obtain 

Regardless of the number of measurements of l j  performed on the 
single system, the information about ( q o ) 2  is always missing, and 
(A& cannot be estimated. The correlation of any two measurement 
results, which are taken from a single quantum system, gives infor- 
mation about (4;) where the same information can actually be 
obtained from the result of a single measurement. 

A similar treatment can be used to analyze the results of the 
measurements of f j .  Always the conclusion is the same: While it is 
possible to estimate the initial center positions of P,(q) and P,(p)  
with a linear function of the corresponding measurement results, no 
quadratic function of the measurement results can estimate the initial 
widths of Po(q) and Po@). Since no information about the widths of 
the probability densities is obtained, the process of repeated measure- 
ments is equivalent to a measurement of the observables l j  and f j ,  and 
cannot be considered a measurement of the wavefunction. The same 
is true for all processes of repeated quantum measurements of the 
arbitrary observable l j  cos 8 + f j  sin 8, regardless of the strength of the 
measurements. 

This analysis shows that the wavefunction of a single system cannot 
be measured by a series of quantum measurements. Each time a 
measurement is performed, the wavefunction changes in accordance 
with the measurement result. Therefore the statistics of the measurement 
results contain no information about the initial uncertainties of the 
measured observables, that is, the initial widths of the corresponding 
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probability densities. The change of the wavefunction due to the 
measurement process is a direct consequence of the projection postulate. 
It is shown then that the projection postulate limits the quantum 
wavefunction to have a statistical (or epistemological) meaning only. 

In this proof the time evolution of the quantum system in between 
measurements is neglected, while we concentrate on the relevant 
changes in the wavefunction due to the measurement process. One 
may assume that the measurements are performed one immediately 
after the other, with no time delay in between consecutive measure- 
ments. Alternatively, one may assume that the measured observables, 
lj and i, are QND observables, and therefore their probability 
densities do not change due to the free time evolution of the system. 

We now illustrate these general considerations with two examples. 

3.3 PHOTON-NUMBER QND MEASUREMENTS OF A SINGLE 
SQUEEZED WAVEPACKET OF LIGHT 

The first example is the case of a series of photon-number QND 
measurements performed on a single squeezed state of light. Each 
time a measurement is performed, the signal state is correlated to a 
probe state in an optical Kerr medium (Fig. 3.2). The probe is 
prepared in a squeezed state la,r),,, with the excitation (aI2 and the 
squeezing parameter r.  This interaction process is described by the 
unitary operator fi(A,) = exp(ipA,A,), where A, and A, are the photon- 
number operators of the signal and the probe, respectively, and ,u is 
the coupling strength [109]. The photon-number of the signal As 
modulates the refractive index of the Kerr medium, and shifts the 
phase of the probe, A$, = PA,. Then the (slowly varying) second- 
quadrature amplitude of the probe &, is measured precisely by a 
homodyne detection. If the initial phase of the probe is zero and the 
phase shift is small, due to a weak coupling, ,u << 1, then li2,, is 
approximately linear with the phase shift of the probe, and with the 
photon-number of the signal, h2,, E /a(pA,. In this case the measure- 
ment result a2 gives the inferred photon-number of the signal, 
ii E a2/(lalp). The corresponding measurement error is A: = 
(Ai?i,,)/(lalp)2, where (A;:,,) = eC2'/4 is the initial uncertainty of 
the second-quadrature amplitude of the probe. Note that the limit 
imposed on the coupling strength, ,u << 1, does not limit the strength 
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Figure 3.2 Series of photon-number QND measurements of a single 
squeezed state of light. In each measurement the signal is correlated to a 
new probe in an optical Kerr medium. The inset shows the shift in the phase 
of the probe due to this correlation. The second-quadrature amplitude of 
the output probe is measured precisely by a homodyne detection. The result 
of this measurement infers the signal photon-number. The signal output is 
then measured again. 

of the measurement, l / A i ,  since (Ail:,,,) is not limited. Also note that 
the back-action noise, which is imposed on the phase of the signal by 
the photon-number of the probe, A$s = pfi,,, does not influence the 
probability density of the photon-number of the signal, since f is is a 
QND observable. 

The initial probability density of the second-quadrature amplitude 
of the probe, the probe being in a squeezed state with a zero phase, 
is a Gaussian, centered at zero, with the variance ( A 5 i . J .  Therefore 
the probability-amplitude operator which describes this measure- 
ment process, ?&, f i )  = , , ( f i l f i ( f i s ) l ~ ,  r), , ,  corresponds to a Gaussian 
transition probability, 

X(n,  f i )  = N [ f i ,  ~ 1 ,  A:]. (3.21) 

Throughout this chapter N [ x , x o , a 2 ]  is defined to be a normal 
distribution (or a Gaussian) of the variable x centered at xo with the 
variance 02, 
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(x - xo) N [ x ,  xo, g2] = exp [ - 2g2 ’1. (3.22) 
2na2 

Let us assume that the initial photon-number probability density of 
the signal is also a Gaussian, 

POW = “n, no, A:]. (3.23) 

Physically, the photon-number probability density of a squeezed 
state is a discrete sub- or super-Poissonian probability density with 
n 2 0. If the initial excitation of the signal is large, no >> 1, this 
Gaussian approximation is valid. The following model therefore 
describes a measurement process in which both the signal and the 
probe have Gaussian probability densities. Many other physical 
situations are described in the same way. One such example is the 
QND measurement of one of the quadrature amplitudes of a 
squeezed state of light, using a degenerate parametric amplification 
(see Section 3.4). 

The same measurement procedure is repeated k times. Each time 
the measurement is performed on the output signal of the previous 
measurement, using a new probe state. We get a series of second- 
quadrature amplitude readouts, which corresponds to a series of 
inferred photon-number values (k l ,  f i 2 , .  . . , f i k ) .  It is the statistics of 
(k f i2 ,  . . . , f i k ) ,  in the limit of weak measurements, that is expected to 
give the initial photon-number probability density of the signal Po(n). 
The total probability-amplitude operator that describes the whole 
process of k repeated QND measurements is 

i k ( 2 , )  f(fis, f i k )  * ’ *  Y(A,, f i 2 ) p ( f i s ,  h1). (3.24) 

Note that i ? k ( i i , )  is symmetric in the measurement results 
(k l , f i2 ,  . . . , f i k ) ,  which means that the process of k repeated QND 
measurements is independent of the order in which the measurement 
results are obtained. This is because the different probability-ampli- 
tude operators commute with each other, 

* 

[E(fi,, A k ) ,  f(fiS, f i ~ ]  = o for all k and 1. (3.25) 

Therefore the probability of obtaining these results P(li f i2 ,  . . . , f i k )  
and the photon-number probability density after these results are 
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obtained Pk(fl) are both symmetric in (El, G 2 , .  . . , hk). The probability 
of obtaining ii2 in the second measurement depends on the result of 
the first measurement i i l .  Yet the process of measuring iil first and 
ii2 second has exactly the same probability as the process in which 
ii2 is measured first and i i ,  is measured second. Also the changes that 
these two processes impose on the wavefunction are exactly the same. 
Since the wavefunction of the system changes slightly from one 
measurement to another, the above observation, that the total 
probability-amplitude operator i k ( f i s )  is independent of the order of 
the measurement results, already suggests that no information about 
the width of the photon-number probability density is contained in 
the statistics of the readouts P(iil,  ii2,. . . , i i k ) .  

To confirm this, we first consider in Section 3.3.1 the case of a 
single measurement perfomed on a single squeezed wavepacket. In 
Section 3.3.2 we examine the conventional measurement of the 
wavefunction, i.e., the case of a measurement of an ensemble of 
identical squeezed wavepackets. Finally, we analyze the case of a 
series of measurements of a single squeezed wavepacket. In Section 
3.3.3 we show that in terms of the changes that are induced in the 
measured squeezed wavepacket of light, a series of imprecise photon- 
number QND measurements is equivalent to a single precise 
measurement. In Section 3.3.4 we show that the statistics of the 
measurement results contain no information about the width of the 
photon-number probability density because of the changes imposed 
on the measured state by the process of repeated measurements. 
Therefore, in terms of the information obtained in each case, a series 
of imprecise photon-number QND measurements of a single 
wavepacket of light is equivalent to a single precise measurement of 
the wavepacket, rather than a measurement of an ensemble of 
identical systems. In Section 3.3.5 we show that this result is consis- 
tent with the upper limit to the quantum channel capacity. 

In Section 3.3.6 we conclude with a discussion of the relation 
between the impossibility of determining the wavefunction of a single 
squeezed wavepacket of light and the reduction. 

3.3.1 Measurement of a Single Squeezed Wavepacket 

Consider the case of a single photon-number QND measurement 
performed on a single squeezed wavepacket of light. The probability 
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of measuring iil, according to Eqs. (3.4), (3.21), and (3.23), is 

P ( i , )  = N [ i i , ,  no, A: + A:]. (3.26) 

As can be seen, iil is an estimate of the initial center position of the 
photon-number probability density no, with the estimate error being 
A: + A:,. Obviously the initial width of the probability density A: 
cannot be estimated using this single measurement result. From Eqs. 
(3.8), (3.21), and (3.23), the photon-number probability density of the 
signal after the measurement is 

plb) = “4 n;, A?], (3.27) 

- 1  

A ? = ( $ + & )  . 

(3.28) 

(3.29) 

Due to this measurement the center of the photon-number probabil- 
ity density is shifted from no to nh toward the measurement result iil. 
The width of the probability density narrows from A: to  A;. Note 
that the larger the initial width A: the larger the relative reduction in 
the width, (A: - A:)/A: = Ai/(A: + A:), and, for a given measure- 
ment result iil, the more significant the shift in the center position. 
The changes due to the measurement are more dramatic for prob- 
ability densities that are initially wide than for those that are initially 
narrow. 

If the measurement is weak, such that A: >> A:, both the shift and 
narrowing are very small. In this case the squeezed wavepacket could 
be measured many times before its photon-number probability den- 
sity would change appreciably. 

3.3.2 Measurement of an Ensemble of Identical Squeezed 
Wave pac kets 

Usually the wavefunction is measured on an ensemble of systems, all 
prepared in the same initial state. More specifically, the wavefunction 
is obtained from the statistics of the results of these measurements. 
Therefore, before investigating the case of repeated QND measure- 
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ments performed on a single squeezed state, we analyze the case of 
one measurement performed on each state in an ensemble of k 
squeezed states. In this case, each measurement is independent of the 
others. The probability of obtaining the inferred photon-number 
values ( f i l ,  h2,. . . , i i k )  is obviously independent of their order, and 
therefore P(ril, i i 2 , .  . . , iik) = l l i= P(lii). 

It is well known [124] that the statistics of the results of the 
measurements in the ensemble measurement case are analyzed by the 

k 

estimated 
width (or 

center positiodor expectation value) f i  and the estimated 
uncertainty) An2, 

- l k  
k -  I , , ,  

An2 - (iii - fiy, 

(3.30) 

(3.3 1) 

in which all measurement results have the same weight. From Eq. 
(3.26) the probability that the measurements performedon the 
ensemble would result in (il, f i 2 , .  . . , i i k ) ,  in terms of f i  and An2, is 

(3.33) 

where d n k  - is a normalized infinitesimal element of the solid angle 
in dimension ( k  - 1 )  such that j d n k -  = 1 .  

The probability distribution of the estimated center position is 

(3.34) 

On average, f i  equals no, and therefore f i  is indeed a statistical 
estimate of the center position of the initial photon-number probabil- 
ity density. The variance of f i  is inversely proportional to the number 
of measurements k .  Therefore the probability error associated with 
this estimate decreases as the number of measurement results in- 
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creases. The probability distribution of S is a chi-squared distribution 

P ( S )  = X2[S,(k - l)]. (3.35) 

Throughout this chapter x2[x,v] is defined to be a chi-squared 
distribution of the variable x centered at v with the variance 2v, 

The distribution of the estimated width, G, is centered 
with the variance 2(Ai + Ai)2/(k - 1). As k increases, the 
error for @ to read A: + A: decreases. 

(3.36) 

at A t  +A;, 
probability 

We conclude that by measuring an ensemble of squeezed states, all 
with the same initial wavefunction, both the center and width of the 
initial photon-number probability density associated with this wave- 
function can be estimated statistically. The information about the 
width of the photon-number probability density, which is not avail- 
able from a single measurement of a single squeezed state, makes the 
measurement of an ensemble of squeezed states a measurement of the 
wavefunction, as opposed to a measurement of the photon-number 
alone. 

3.3.3 Saturated Quantum Brownian Motion and Continuous 
Collapse of the Squeezed Wavepacket 

Let us consider the changes in a single squeezed state in the process 
of k repeated measurements. From Eqs. (3.4), (3.8), and (3.21)-(3.24) 
we obtain that the final photon-number probability density after k 
repeated measurements, which result in (El, E2, .  . . , E k ) ,  is 

(3.37) 

(3.38) 

(3.39) 
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Figure 3.3 Quantum Brownian motion and continuous reduction of the 
photon-number probability density of a single squeezed wavepacket of light, 
in the process of a series of imprecise photon-number QND measurements. 
The initial probability density, shown on the left, is centered at no with the 
width Ao. The thick lines describe the statistical diffusion of the center 
position of this probability distribution, which reaches Ao. The drawings of 
the probability density demonstrate its continuous reduction. The effect of 
the series of imprecise measurements on the squeezed wavepacket is equiv- 
alent to that of a single precise measurement. Note that the effect of earlier 
measurements on the wavepacket is more dramatic than the effect of later 
measurements. 

As was noted before, Pk(n)  is symmetric in ( f i l ,  f i 2 , .  . . , f i k ) .  By com- 
paring Eqs. (3.37)-(3.39) with Eqs. (3.27)-(3.29), we see that the total 
change in the wavefunction due to k repeated measurements of 
strength l/A: is exactly the same as the change due to a single 
measurement of a strength k/A:, which results in 2, = ii. After each 
measurement, the width of the photon-number probability density 
decreases (continuous collapse). The center of this probability density 
takes a step in a random walk (quantum Brownian motion), which 
depends on the random result of the measurement (Fig. 3.3). 

The probability distribution that statistically describes the diffu- 
sion of the center position of the photon-number probability density 
after k measurements nk, is 

(3.40) 

On average, the center position is always at the initial center position 
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no. However, the probability of finding the center farther away from 
no increases as the number of measurements increases. As long as 
the total strength of the measurements is small, k/Ai << l /A i ,  the 
variance of nk, increases linearly with the number of measurements, 
(k/Ai)AiAi z Dk. In this regime the movement of the center position 
is a quantum Brownian motion with a constant diffusion coefficient 
D = A:/Ai. Here the time scale is replaced by the discrete scale of the 
number of measurements. As the photon-number probability density 
narrows, the average step size of this quantum Brownian motion 
decreases. The statistical variance of nk, saturates, and equals the 
initial width of the photon-number probability density (the initial 
uncertainty associated with the photon-number of the squeezed state) 
At. At the same time the squeezed state is reduced to a photon- 
number eigenstate. The measured state therefore undergoes quantum 
Brownian motion, which is saturated due to its continuous collapse. 

3.3.4 Statistics of Results of a Series of Photon-Number QND 
Measurements of a Single Squeezed Wavepacket 

In analyzing the statistics of the results of k repeated measurements 
performed on a single squeezed state, we use the same definitions for 
the estimates of the center position and width of the photon-number 
probability density as for the case of k measurements performed on 
an ensemble. These definitions, which appear in Eqs. (3.30) and 
(3.31), are symmetric in the measurement results ( f i l ,  f i 2 , .  . . , f i k ) .  In 
the case of k repeated measurements performed on a single squeezed 
state, both the final photon-number probability density of this state 
Pk(n) and the probability of obtaining a specific series of results 
P(fi 1, f i 2 ,  . . . , f i k )  are independent of the order in which these results 
are obtained. Therefore it is natural to use the same ii and An2 as 
before. In fact, ii as defined in Eq. (3.30) can be shown to be the best 
estimate for the center position of the photon-number probability 
density in this case: As an estimate of the center position, ii should 
be linear in the measurement results, ii = C:=, ciiii. For ii to be the 
best estimate of the center position, it should equal the center 
position, on average, ( i i )  = no, and the associated estimate error 
should be minimized, d(Aii2)/dci = 0. These requirements result with 
ci = l/k for all i, and the definition of Eq. (3.30) is recovered. 
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From Eqs. (3.4) and (3.21)-(3.24) the probability of getting the 
measurement results ( f i l ,  f i 2 , .  . . , f i k )  in the process of k repeated 
measurements performed on a single state is 

k 

p(fi1, f i 2 9 . .  . i i k )  fl dfii = [ P ( i )  dfi][P(S) dS] do,- 1, (3.41) 
i =  1 

(3.42) 

Comparing Eqs. (3.33) and (3.42) we see that in this case, unlike the 
case of k measurements performed on an ensemble, S is independent 
of A;. 

The probability distribution of the estimated center position is 

(3.43) 

The error associated with f i  as an estimate of the center position no 
decreases with an increased number of measurements, and as k + 00, 

this error reaches its minimum value which equals the initial uncer- 
tainty in the photon-number of the squeezed state A;. Therefore the 
estimated center position has the same probability error in both cases 
of an infinite number of repeated weak measurements and one precise 
measurement. In fact, in comparing Eq. (3.43) with Eq. (3.26), we see 
that the probabilities of inferring a certain f i ,  by k consecutive 
measurements of strength l/A:, and by one measurement of a 
strength k/Ak, are equal. The probability distribution of S is, again, 
a chi-squared distribution, 

P(S)  = XZ[S,(k - l)]. (3.44) 

However, P(S) is now independent of A;, and therefore the estimated 
width dn2 is not a statistical measure of the initialwidth A;. Indeed, 
An2 equals A: on average, which means that An2 estimates the 
measurement error (which obviously we know already), with the 
estimate error being 2A?(k - 1). The statistics of the results of 
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repeated weak QND measurements performed on a single squeezed 
state contain no information about the initial width of the photon- 
number probability density of this state. In contradiction with our 
expectations, these statistics do not infer the wavefunction of the 
single squeezed state. 

3.3.5 Consistency with the Upper Limit to the Quantum 
Channel Capacity 

The conclusion above, that the results of repeated photon-number 
measurements, performed on a single squeezed state of light can be 
used to estimate the photon-number expectation value but not the 
uncertainty associated with the photon-number, is consistent with 
Holevo’s theorem [125] for the upper limit to the quantum channel 
capacity, a fundamental theorem in quantum communication theory. 

Every physical means of information transfer can be considered as 
a communication channel. When the information is tranmitted using 
quantum states, and detected using quantum measurements, this is a 
quantum communication channel. The quantum communication 
channel can be described schematically as follows: To transmit the 
information, the sender selects one pure quantum state, with the 
density operator J i ,  out of a set of possible states {J i } .  The probabil- 
ity that the sender chooses this particular state is P(bi). The receiver 
does not know which of the pure states the sender selects each time 
but knows P(bi ) ,  the probability distribution for these states to be 
selected. Therefore the receiver views the states received in the 
quantum communication channel as mixed states, described by the 
density operator J = Ci  P ( b i ) J i .  To maximize the information trans- 
ferred in the quantum communication channel, the sender can choose 
between different sets of pure states and different probability distribu- 
tions of selecting a specific state. The receiver can choose between 
different quantum measurements. However, according to Holevo’s 
theorem, the maximum information transfer in a quantum channel, 
or the channel capacity, is limited regardless of the choices made by 
the sender and the receiver. The maximum capacity for a quantum 
channel is S,,, = max[S(fi)], where S @ )  = -Tr($ log, jj) is the 
quantum entropy of the density operator J. S(fi)  characterizes the 
number of distinguishable pure states in the set of states {Ji}. 
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For the bosonic channel the maximium channel capacity can be 
realized by the number eigenstates channel [126,127]. In this channel 
the set of input quantum states is the set of number (or quanta of 
energy) eigenstates. The probability distribution for the sender to 
choose one of these states is the so-called thermal distribution, 
P(ni) = ( r ~ ) " ~ / ( ( n )  + l)nifl ,  where ( n )  is the average number. And 
the measurements, which are done by the receiver, are ideal number 
(or energy) measurements. 

Now, if it were possible to measure the photon-number probability 
density of a single squeezed state, that is if it were possible to estimate 
both the expectation value and the uncertainty associated with the 
photon-number of a single state, one could consider encoding infor- 
mation on the photon-number uncertainty, and not only on the 
photon-number expectation value. Unless some information about 
the photon-number expectation value is lost, when some information 
about the photon-number uncertainty is gained, the process of 
repeated weak measurements would make it possible to exceed the 
maximum capacity of the bosonic channel. This would be a violation 
of Holevo's theorem. As we have shown, a series of repeated weak 
QND measurements infers the center position of the photon-number 
probability density, or the photon-number expectation value, with 
the same probability error as a single strong measurement does. No 
information about the photon-number expectation value is lost. 
Therefore, in order to avoid a direct violation of Holevo's theorem, 
it is required that no information about the photon-number uncer- 
tainty could be gained. Indeed, this series of measurements cannot 
infer the photon-number uncertainty with a finite probability error, 
and distinguish between different states of equal photon-number 
expectation values and different photon-number uncertainties. 

We conclude that the impossibility of determining the unknown 
quantum state of a single system limits the encoding of information, 
which is to be transferred in a quantum communication channel. This 
information should be encoded only on the expectation values 
associated with the quantum states of the transmitted signals, since 
the quantum measurement process may estimate the expectation 
values associated with a single system, and therefore quantum states 
with different expectation values for a given observable can be 
distinguished. No information should be encoded on the uncertain- 
ties associated with the quantum states of the signals, since the 
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(a) Distinguishable Quantum States 

(b) Indistinguishable Quantum States 

Figure 3.4 Information to be transferred in a quantum communication 
channel can be encoded only on the expectation values associated with the 
quantum states of the signals, and not on the uncertainties associated with 
these states. (a) Quantum states with equal uncertainties but different 
expectation values for a given observable can be distinguished; (b)  quantum 
states with an equal, but unknown, expectation value, and different uncer- 
tainties for a given observable, cannot be distinguished. 

quantum measurement process gives no information about the un- 
certainties associated with a single system, and therefore this infor- 
mation cannot be decoded at all. Indeed, quantum states with 
different uncertainties for a given observable cannot be distinguished 
(Fig. 3.4). 
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3.3.6 Impossibility of Determining the Wavefunction of the 
Squeezed Wavepacket due to the Reduction 

In the process of repeated photon-number QND measurements 
performed on a single squeezed state, the wavefunction of this state 
undergoes saturated quantum Brownian motion and continuous 
collapse. These changes in the wavefunction originate in the reduc- 
tion according to the projection postulate. The statistics of the 
measurement results contain information about the expectation value 
of the photon-number. The information about the uncertainty asso- 
ciated with the photon-number, however, is cancelled out, due to the 
exact coordination between the quantum Brownian motion and the 
continuous collapse of the wavefunction. Therefore this process of 
repeated measurements does not correspond to a measurement of the 
wavefunction of the single squeezed state, and this inhibition of the 
measurement of the wavefunction is a direct consequence of the 
projection postulate. 

The first indication of the inhibition of the measurement of the 
wavefunction of the single squeezed state, in the above analysis of 
repeated photon-number QND measurements, is the symmetry of the 
statistics of the measurement results P ( f i l ,  h2,. . . , hk). Each time the 
squeezed state is measured, it is slightly changed. The results of the 
consecutive measurements are essentially collected from an ensemble 
of squeezed states with different photon-number probability densities. 
All these results have the same weight in P(fil, f i 2 , .  . . , hk), and 
therefore their statistics are independent of the initial uncertainty 
in the photon-number. There is no natural way to assign differ- 
ent weights to the different results in the definitions of the estimates 
ii and G, since the changes in the wavefunction are also symmetric 
in (hl, h2,. . . , hk), and we cannot overcome the symmetry of 

Consider the case where one is trying to distinguish between two 
squeezed states of large and small photon-number uncertainties (i.e., 
wide and narrow photon-number probability densities), both with 
the same initial photon-number expectation value no, by repeatedly 
measuring both states. The first measurement result obtained from 
the wide state is more likely to be farther away from no than the first 
result obtained from the narrow state. However, the shift toward the 
measurement result and the collapse due to the first measurement are 

P(fi1, h2, . . . , hk). 
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more dramatic in the case of the wide state. Therefore the probability 
of obtaining the second result in a certain distance from the first 
result can be the same for both states, regardless of the initial widths 
of their photon-number probability densities. 

Note that while the continuous collapse of the wavefunction and 
the symmetry of the statistics of the measurement results are valid for 
all processes of repeated quantum measurements of the same observ- 
able, performed on a single quantum system, they do not necessarily 
hold in general, when more than a single observable is measured. The 
following example shows that even when the collapse of the wave- 
function of the single system to an eigenstate of the measured 
observable is prevented, due to back-action noise imposed by 
measurements of the conjugate observable, and the statistics of the 
measurement results depend on the order in which these results are 
obtained, it is still impossible to measure the wavefunction of the 
single system. 

3.4 QND MEASUREMENTS OF THE QUADRATURE 
AMPLITUDES OF A SINGLE SQUEEZED STATE OF LIGHT 

The second example is the case of alternating QND measurements of 
the two (slowly varying) quadrature amplitudes of a squeezed state 
(Fig. 3 3 ,  using dual degenerate parametric amplification [ l l l ,  1123. 
Each time a measurement is taken, the signal squeezed state is 
correlated to a probe, which is prepared in a squeezed vacuum state. 
In the odd (even) measurements, the result of a measurement of the 
second-quadrature (first-quadrature) of the probe ~ & , ( i j ~ , ~ )  is used to 
infer the first-quadrature (second-quadrature) of the signal ~ ? ~ , ~ ( 2 ~ , ~ ) .  
As in the previous example, both the signal and the probe have 
Gaussian probability densities, and the analysis of the photon-numb- 
er QND measurement of Eqs. (3.27) to (3.29) can be used to describe 
the quadrature amplitude QND measurement. 

The initial probability density of 21,s is Po(cr) = “ a ,  cco, A:]. 
The probability density of before the kth measurement of 
h l , s  is Pk- l (a ) .  In terms of the probability density of i?l,s before its 
(k - 1)th measurement P k _ 2 ( f x ) ,  the measurement error associated 
with this measurement A:, and the back-action noise At due to the 
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Figure 3.5 Alternating QND measurements of the two (slowly varying) 
quadrature amplitudes. In each measurement the signal is correlated to a 
new probe, which is in a squeezed vacuum state. Then the first-quadrature 
(or the second-quadrature) amplitude of the probe is measured precisely 
using homodyne detection. 

( k  - 1)th measurement of 22,s, Pk- ,(a) is 

Pk- l(a) = " a ,  at- ', A:- ,I, (3.45) 

(3.47) 

where ' k P l  is the result of the (k - 1)th measurement of Note 
that for A: = 0 this example is reduced to the case of repeated 
measurements of 21,s, which is mathematically equivalent to the first 
example of repeated photon-number measurements. 

Each 
measurement of the conjugate observable 22,s. increases the width of 
this probability density by the back-action noise A,". The consecutive 
measurement of 2il,s narrows this probability density in proportion 
to its current width. Therefore, if the measurement of increases 
the width of the probability density significantly, then the consecutive 

Consider the changes in the probability density of 
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measurement of a,,, would reduce it significantly. However, if the 
change in the width due to the measurement of 4, is insignificant, 
then the change due to the consecutive measurement of a,,, is also 
relatively insignificant. The squeezed state is, obviously, prevented 
from collapsing to an eigenstate of h , , ,  (or a,,,), but the narrowing 
and widening of the probability density of h,,, (or a,,,) due to the 
alternating measurements of 2, ,, and a,,, would eventually balance, 
to keep the width of this probability density the same each time li,,s 
(or d2,,) is measured, i.e., A:- , = A:. In this limit, as can be seen from 
Eq. (3.47), the widths of the probability densities of G,,, and G2,,  are 
solely determined by the relative strengths of the h,,, and 4, 
measurements. Note that the back-action noise A:, which a measure- 
ment of &, imposes on the probability density of a,,,, is determined 
by the strength of the a,,! measurement. After reaching this limit, the 
squeezed state would diffuse freely (quantum Brownian motion) 
while preserving its noise distribution because of the process of 
repeated measurements. 

The conditional probability to obtain &k in the kth measurement, 
P(ik1gk- ,, . . . , El), can be determined from P,- ,(a), using Eqs. (3.4)- 
(3.7) and Eqs. (3.45)-(3.47). This allows us to calculate the statistics 
of the h,, ,  measurement results. The center position of the initial 
probability density of h, , , ,  ao, can be estimated using a linear 
function of the measurement results, since 

However, the width of the initial probability density of GI,,, At, 
cannot be estimated using a quadratic function of the measurement 
results, since the information about A: is always screened by a;, 
which is unknown to us: 

= + A t  + A: + (k - l)~:, (3.49) 
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The same treatment can be repeated using the measurement results 
of ilz,s. In fact, in comparing Eqs. (3.48)-(3.50) with Eqs. (3.18)- 
(3.20), we see that in this example, we recover the statistics of the 
general case. 

The changes in the wavefunction of a single squeezed state due to 
a series of alternating QND measurements of the two quadrature 
amplitudes seem to be different from the changes due to a series of 
photon-number QND measurements. Yet, in both cases, the statistics 
of the measurement results do not contain any information about the 
uncertainties associated with the measured observables. Therefore, in 
both cases, these changes inhibit the measurement of the wavefunc- 
tion. This is because the changes in the wavefunction due to any 
process of repeated quantum measurements are always governed by 
the reduction. 

3.5 QND MEASUREMENT AS A PROTECTIVE 
MEASUREMENT 

Under what conditions would a QND measurement be also a 
protective measurement, which does not change the quantum state of 
the measured system at all? 

Consider again the general quantum measurement process of the 
observable 4 of a signal system, which is intially in the state and 
is described by the density operator a, = II,/I)~~($I. The three stages 
of this measurement process are described completely by the prob- 
ability-amplitude operator ? = , ( ~ 1 1 ~ ~ ~ ) , :  preparation of a probe 
system in the pure state Ib),, interaction of the probe with the 
signal, and a measurement of the probe that yields the inferred 
measurement result ijl and reduces the probe state to the correspond- 
ing eigenstate Iijl),. 



QUANTUM NONDEMOLITION (QND) MEASUREMENTS OF A SINGLE SYSTEM 49 

In a QND measurement the unitary interaction is chosen such that 
it satisfies the QND condition [c, 43 = [ 2 41 = 0 which in terms of 
the eigenstates of the measured observable { Iq),} is ?1q), = Y(q)lq),. 
As a result there is no deterministic change in the signal due to its 
unitary interaction with the probe. The only change induced by the 
QND measurement is a stochastic change due to the reduction: The 
center position of the probability density of the measured observable 
shifts toward the measurement result, and the probability density 
narrows; the probability density of the conjugate observable widens 
due to the back-action noise, as is required by the uncertainty 
principle (Fig. 3.1). When a QND measurement does not change the 
probability density of the measured observable, the probability 
density of the conjugate observable remains unchanged. In this case 
the quantum state of the measured system remains unchanged, and 
the QND measurement is a protective measurement. 

The initial probability density of the measured observable is 
Po(q) = ,(q1fi01q),. After the measurement the system is described by 
the density operator 

f i  = P(cj1)-lffio?+, (3.51) 

where 

PGl) = dq,(ql~f io~t l~>,,  (3.52) 

is the probability of obtaining the measurement result ijl in the 
measurement process. The probability density of 4 after the measure- 
ment is 

s 
P(q, 41) = s ( q l f i l q ) s .  (3.53) 

The general condition for a QND measurement to be a protective 
measurement is therefore 

PO(d = P(q, 4 1 )  = P(cj1)- ,(41?fio~tlq>s = p(4l)- 'X(q)Po(q) ,  (3.54) 

where we used the QND condition ?1q), = Y(q)lq),, and the definition 
for the generalized projection operator r? = ?+? We conclude that the 
condition for a QND measurement to be also a protective measurement is 
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However, as can be seen from Eq. (3.52), the probability P(ij,) of 
obtaining the measurement result ijl in the measurement process is 
independent of the eigenvalues { q }  of the measured observable 4. 
According to the condition of Eq. (3.59, therefore, a QND measure- 
ment that is also a protective measurement is described by a 
probability-amplitude operator f (or a generalized projection oper- 
ator g), whose eigenvalues are independent of the eigenvalues of the 
measured observable 4, unless the measured system is initially in an 
eigenstate of 4. Obviously this measurement would give no informa- 
tion about the measured observable 4, except when the measured 
system is known to be initially in an eigenstate of 4 ([118] and see 
also [ 1131). 

We conclude that a QND measurement process that is also a 
protective measurement process may give some information about 
the measured system only when this system is in an eigenstate of the 
measured observable. All other QND measurement processes would 
either lead to a change in the state of the measured system, or give 
no information about this system at all. 

3.6 CONCLUSION 

We showed that the quantum wavefunction of a single system cannot 
be inferred from the results of a series of QND measurements of this 
system. Mathematically, this is because each measurement result 
depends on the results of all the previous measurements. Physically, 
the measurement process modifies the wavefunction of the measured 
system in accordance with the measurement result, i.e., the informa- 
tion obtained about the system. 

In the QND measurement process the modification of the 
wavefunction of the measured system is due to the reduction alone; 
all other possible changes, such as the deterministic change due to 
the interaction of the measured system with the probe system, are 
avoided. Therefore we conclude that the reduction inhibits the 
measurement of the quantum wavefunction of a single system and 
limits this wavefunction to having a statistical (or epistemological) 
meaning only. 



CHAPTER 4 

MEASUREMENTS WITHOUT 
ENTANGLEMENT OF A SINGLE 
QUANTUM SYSTEM 

4.1 INTRODUCTION 

In Chapters 2 and 3 we proved the impossibility of determining the 
quantum state of a single system from the results of a series of 
quantum measurements of the system. We showed that this effect 
originates in the reduction, i.e., the stochastic change in the state of 
the measured system, which is induced by the quantum measurement 
process. Naturally, one would ask the question: Can the reduction be 
avoided? 

In the quantum measurement process, the unitary interaction of 
the probe and the signal (i.e., the measured system) leads generally 
to a deterministic change in the quantum state of the signal. The 
subsequent measurement of the probe leads to a collapse, or reduc- 
tion, in the quantum state of the probe. Usually the probe and the 
signal are entangled after their unitary interaction, and the reduction 
in the state of the probe leads to a reduction in the quantum state of 
the signal. Only in a measurement without entanglement, where the 
signal and the probe are left disentangled after their interaction, a 
subsequent measurement of the probe, which reduces the state of the 
probe, leaves the state of the signal unchanged. 

51 
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In this chapter we consider the information that can be obtained 
in a series of such measurements without entanglement of a single 
system about the quantum state of this system. We show that in 
order to avoid the reduction and induce only a deterministic change 
in the quantum state of the measured system, some a priori informa- 
tion about this quantum state must be utilized in the measurement 
process, and only this a priori information is available from the 
statistics of the results of a series of measurements without entangle- 
ment of the single system, beyond the limit imposed by the reduction. 
We conclude that only the fully a priori known quantum state can 
be determined from the results of a series of measurements of a single 
system [118- 1201. 

In Section 4.2 we describe a scheme for a measurement without 
entanglement of a squeezed harmonic oscillator state. The a priori 
knowledge of the noise distribution (i.e., the squeezing parameter) of 
the signal is used in preparing a probe in the ground excitation state 
(i.e., a vacuum state) with the opposite squeezing, to avoid entangle- 
ment of the probe and the signal as they couple linearly. In Section 
4.3 we consider the optimal setup, with the optimal choice of 
coupling constants, for a series of measurements without entangle- 
ment of a single squeezed state. We show that by using these 
measurement results, it is possible to estimate the expectation values 
of the measured observables, with the minimum possible estimate 
errors being the initial uncertainties of the observables. These uncer- 
tainties can be estimated as accurately as we want to confirm the a 
priori known noise distribution of the signal. We conclude that no 
information can be obtained about the wavefunction of a single 
system beyond the information that is provided by a single strong 
measurement of this system and the information that is given a priori 
to the measurement process. 

In Section 4.4 we describe a scheme for the protective measure- 
ment of a squeezed harmonic oscillator state. The protective 
measurement avoids both the reduction (i.e., the stochastic change) 
and the deterministic change in the quantum state of the measured 
system, and leaves this quantum state unchanged. In this scheme a 
measurement without entanglement, which utilizes the a priori 
known squeezing of the signal, is performed, and after that the signal 
is driven with a classical field back to its a priori known initial 
excitation. This protective measurement scheme therefore requires 
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the full a priori knowledge of the initial squeezed state. We show that 
a series of such protective measurements of a single squeezed har- 
monic oscillator state is equivalent to a measurement of an ensemble 
of identical states. The protective measurement allows therefore a 
definition of the quantum state that uses only a single system, which 
is equivalent to the traditional definition that uses an ensemble of 
systems. Yet the equivalency suggests that a definition of the 
wavefunction based on either measurement method can account only 
for the epistemological nature of the wavefunction. 

In Section 4.5 we derive the general condition for a protective 
measurement, using the conditions for both a QND measurement 
and a measurement without entanglement. We show that a measure- 
ment process, which does not change the quantum state of the mea- 
sured system at all, may provide some information about the mea- 
sured system only when this system is in an eignestate of the 
measured observable. 

We conclude that for a series of measurements of a single system 
to provide any information about the quantum state of this system, 
beyond the limit imposed by the reduction process, this information 
is required to be utilized in the measurement process and therefore a 
priori known. The design of a measurement process that does not 
change the quantum state of the measured system at all requires full 
a priori knowledge of this quantum state, and therefore only the fully 
a priori known quantum state can be determined from the results of 
a series of measurements of a single system. 

4.2 MEASUREMENT WITHOUT ENTANGLEMENT OF A 
SQUEEZED HARMONIC OSCILLATOR STATE 

The squeezed harmonic oscillator state, I N ,  r ) s ,  is an eigenstate of the 
operator e'3, + ie-5,, where Bl  and B, are the generalized position 
and momentum of the harmonic oscillator. This signal state is 
defined by its excitation and its squeezing parameter r, which 
determines the noise distribution of the signal. Note that in general, 
r is a complex number, and the squeezed state is not a minimum- 
uncertainty state. In our measurement scheme the signal is coupled 
linearly to a squeezed vacuum probe, 10, q),,, where q is the squeezing 
parameter of the probe (Fig. 4.1). This interaction is described by the 



54 QUANTUM MEASUREMENT OF A SINGLE SYSTEM 

Figure 4.1 Measurement without entanglement of a squeezed wavepacket 
of light. The signal and the probe, with opposite squeezing parameters, 
interact linearly in a beam splitter. The upper and lower insets show the 
deterministic changes in the signal and the probe, respectively. The excita- 
tion of the signal is reduced, while the excitation of the probe is increased. 

Hamiltonian fi = h~(i?fi + 8bt), where 8, Bt and f j ,  fit are the annihi- 
lation and creation operators of the signal and the probe, respect- 
ively. The coupling constant K and the interaction time t define the 
transmission coefficient of this interaction, T = C O S ~ ( K ~ ) .  In the 
Heisenberg picture the time evolution of the signal and the probe due 
to their interaction is described by the relations 

iout = f i i i n  - i , / C T j i n ,  

Pout A = JT bin - i J C T  iin, (4.2) 

(4.1) 

where iin, bin and iOut, jout are the annihilation operators of the signal 
and the probe, before and after the interaction, respectively. A 
measurement of the output probe state fj,,, therefore gives informa- 
tion about the input signal state iin. 

To obtain information about the generalized position of the input 
signal, for example, = (jin + i:,,)/2, one can measure the general- 
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ized momentum of the output probe, b2,0ul = (joul - fjiul)/2i = 
fi$2,in - ,/G$l,in. The observed position, 

is centered at ($l ,obs)  = ( $ , , i n ) .  The uncertainty of the observed 
position is the sum of the uncertainty of the position of the input 
signal and the measurement error, 

m 

Similarly a measurement of the position of the output probe ijl,ou, 
gives information about the momentum of the input signal $2, in .  Note 
that regardless of the specific observable being measured, when the 
coupling is highly transmissive, T z 1, the measurement error is 
large, and the measurement is weak. When the coupling is highly 
reflective, T z 0, the measurement is strong. 

The signal-probe interaction causes a deterministic change in the 
wavefunction of the signal, as can be seen from the analysis above. 
In general, though, the signal and the probe are entangled after the 
interaction, and a measurement of the probe induces further change 
in the wavefunction of the signal, a stochastic change that depends 
on the measurement result. To find the cases where the signal and the 
probe are disentangled after their interaction, one should examine 
their time evolution in the Schrodinger picture. Using normal-order- 
ing of the unitary time evolution operator, 6(t) = exp( - if i t /h),  it 
can be shown [128] that when the input signal and probe are 
coherent states, IP), and Iy),, the output signal and probe are 
disentangled coherent states (of different excitations), 

This result can be used to determine the time evolution of the 
squeezed signal and the squeezed vacuum probe, writing the squeezed 
states in the coherent states representation, 
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This leads (after some math) to the conclusion that the output signal 
and probe are disentangled when their squeezing parameters r and q 
satisfy the relation q = - r  + i+, where 4 is an arbitrary phase. The 
squeezing of the probe is therefore required to be opposite to the 
squeezing of the signal, 

(4.7) 

(4.8) 

In this case the disentangled output signal and probe are of different 
excitations but the same noise distributions as the input signal and 
probe, respectively, 

(Afj:,i,,) = $exp[-2 Re@)] = (A&,),  

( A & , )  = $exp[2 Re(r)] = (A3:,in). 

(4.9) 

4.3 SERIES OF MEASUREMENTS WITHOUT 
ENTANGLEMENT OF A SINGLE SQUEEZED HARMONIC 
OSCILLATOR STATE 

In a measurement of the wavefunction of a single quantum system, 
to what extent is a priori knowledge needed? To answer this question, 
consider a series of measurements without entanglement of the 
generalized position 3, of a single generalized harmonic oscillator 
state (Fig. 4.2). Assume that in order to perform these measurements, 
the noise distribution of the signal, i.e., (A$:) and (A$;), is known, 
but no additional information about the excitation of the signal, i.e., 
(il) and (i2), is given. 

First consider the results of two consecutive measurements, 
and i1,2. From Eq. (4.3) each result is, on average, ( S l , l )  = 
(S1,2) = (3 , ) .  From Eqs. (4.4), (4.8), and (4.9) the errors associated 
with these results are (AS:,,) = (A3:)/(1 - Tl) and (AS:,2) = 
(A3?)/[T'(l - TJ]. Define the estimate of (3 , )  to be 

$1 = $1,1 + (4.10) 

where ( S , )  =(a,). The measurement results S , , ,  and S1,2 are 
independent of each other, since the signal and probe are disen- 



MEASUREMENTS WITHOUT ENTANGLEMENT OF A SINGLE QUANTUM SYSTEM 57 

Figure 4.2 Series of measurements without entanglement of the quadrature 
amplitude 3, of a single squeezed wavepacket of light. The optimal setup 
consists of a highly transmissive initial beam splitter, which satisfies TI = 

( n  - l ) / n  + 1 for n -, co, and a fully reflective final beam splitter, with 
T, = 0. The unknown expectation value (?,) is estimated with the minimal 
error being (A?:), the initial quantum uncertainty in 3,.  In terms of 
estimating the unknown expectation value, a series of imprecise measure- 
ments without entanglement is equivalent to a single exact measurement of 
a single squeezed wavepacket. The minimal error in estimating the known 
uncertainty (A;:) is inversely proportional to the number of measurements 
and satisfies 2(A?:)*/(n - 1) + 0 for n + 00. In terms of estimating the 
known uncertainty, a series of imprecise measurements without entangle- 
ment of a single squeezed wavepacket is equivalent to a measurement of an 
ensemble of identical wavepackets. 

tangled after their interaction, and the estimate error is (A::) = 
((AS:,1) + (A5;,2))/4. This error is minimized when the transmission 
coefficients are chosen such that TI = 1/2 and T2 = 0. In this case the 
estimate error equals the initial uncertainty in the generalized posi- 
tion of the signal, (A?;)mi,, = (A$). To estimate this initial uncer- 
tainty using the measurement results, define 

(4.1 1) 

where, for the choice above of TI and T', (a') = (A$). The error in 
the uncertainty estimate is (A(a')') = 2(A3;), where we used the 
fact that the probability densities of the generalized position and 
momentum of a generalized harmonic oscillator state are Gaussian. 

This analysis can be generalized for n measurement results by way 
of mathematical induction. In this case, the estimate of the general- 
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ized position of the signal is defined, 

1 "  
s, = - c s, ,k 

n k = l  
(4.12) 

The associated estimate error is minimized when the transmission 
coefficients are 

n - 1  n - 2  n - k  
Tl = - , T - -  ,..., T - ,..., T, = O .  (4.13) 

n 2 - n - 1  k - n - k + l  

The minimum possible estimate error always equals the initial 
uncertainty of the position of the signal, (AS:),,,in = (A;:), regardless 
of the number of measurements. However, the error in the estimate 
of the initial uncertainty, 

1 n 

(4.14) 

is reduced as the number of measurements increases: ( A ( o ~ ) ~ )  = 

2(A$:)'/(n - 1). Note that this is the same error as when (A;:) is 
estimated using n measurement results obtained from an ensemble of 
n identical squeezed harmonic oscillator states (see Section 3.3.2). 
Repeated measurements without entanglement of a single state 
therefore give the same information on the (unknown) excitation of 
the signal as a single strong measurement does. The (known) noise 
distribution of the signal can be determined with increasing accuracy 
as the number of measurements increases. 

We conclude that in order to obtain information about the 
wavefunction, that a single strong measurement cannot give, this 
information must be known a priori to the measurement process. 

4.4 PROTECTIVE MEASUREMENT OF A SINGLE SQUEEZED 
HARMONIC OSCILLATOR STATE 

4.4.1 Driving the Signal Back to Its Initial Excitation 

After a measurement without entanglement takes place, the excita- 
tion of the signal is reduced from la12 to TlaI2. The signal could be 
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Figure 4.3 Driving a squeezed wavepacket of light back to its known initial 
excitation. The signal interacts with a highly excited coherent state in a 
highly transmissive beam splitter. The inset shows the change in the signal. 

driven back to its initial excitation, if this excitation is known, using 
a classical field (Fig. 4.3). This interaction is described by the 
Hamiltonian fi = iti(fit - f*i), where f is the classical field. The 
unitary time evolution operator that corresponds to this Hamiltonian 
is a displacement operator [129], fi(t) = exp[(fit-f*3)t] = b(ft). 
When acting on a coherent signal, the excitation of the signal is 
increased by ft, 

while its noise distribution is left unchanged. The same is true when 
the signal is a squeezed state. Expressing the squeezed signal in terms 
of coherent states, 

one obtains (after some math) that the time evolution of the squeezed 
signal, when driven by a classical field, is 

f i ( t ) l f i a ,  r ) ,  = exp [<(a. - ./.*)t] [,,ha +ft, r ) , .  (4.17) 
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For the signal to be driven back to its original state (up to a phase 
factor), the field f and the interaction time t should be chosen to 
satisfy JT u + ft = u. 

4.4.2 Protective Measurement of a Single Squeezed State Is 
Equivalent to a Measurement of an Ensemble of Identical 
Squeezed States 

Given the wavefunction of the signal, it is possible to perform a series 
of protective measurements on the signal, such that each time a 
measurement is taken, the signal is in its original known state (Fig. 
4.4). First one performs a measurement without entanglement, where 
the knowledge about the noise distribution of the signal is used. The 
result of this measurement gives some information about the (already 
known) wavefunction of the signal. Next the deterministic change in 
the signal is corrected for, using the a priori knowledge of the initial 
excitation of the signal, after which the wavefunction of the signal is 
(up to a phase factor) exactly the same as it was initially. A series of 

Figure 4.4 Series of protective measurements, where after each measure- 
ment the signal is back in its known initial squeezed state, with the 
transmission coefficient T = 1, is equivalent to the process of preparation 
and measurement of an ensemble of identical squeezed states, with the 
transmission coefficient T = 0. 
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such measurements can give full information about this wavefunc- 
tion, and confirm the a priori knowledge. The most feasible realiz- 
ation of this measurement scheme is a measurement of the 
wavefunction of a squeezed state of light. For the measurement 
without entanglement, the squeezed signal could be coupled to a 
squeezed vacuum probe in a beam splitter, with the transmission 
coefficient 7: The effect of an interaction with a classical field could 
be achieved by using a highly excited coherent state (with a large 
signal-to-noise ratio), and interacting it with the signal in a highly 
transmissive beam splitter, T E 1, so that the noise of the driving 
coherent state does not affect the squeezed signal. 

Now consider the strength of these measurements. When the 
measurement without entanglement is strong, T z 0, the determinis- 
tic change it causes to  the signal is significant: The excitation of the 
signal is reduced from [at2 to TlaI2 E 0. In this case the process of 
driving the signal back to its original excitation is equivalent to 
preparing a new signal state. Therefore, in the limit of strong 
measurement, the series of measurements described above is, in fact, 
the case of preparing and measuring an ensemble of identical gener- 
alized harmonic oscillators states. When the measurement is weak, 
T z 1, the change in the excitation of the signal is almost negligible, 
T(aI2 z 1 ~ 1 ’ .  This limit is the case of repeated protective measure- 
ments performed on a single state. Since both cases, that of a series 
of protective measurements performed on a single state, and that of 
a measurement of an ensemble of states, are limits of the same 
physical process, and, indeed, the same experimental arrangement, we 
conclude that these two cases are equivalent. And, of course, in these 
two cases the quantum wavefunction is measured. 

This equivalency in the measurement of the wavefunction estab- 
lishes an equivalency between the two definitions of the wavefunc- 
tion, the traditional definition, which uses an  ensemble of identical 
systems, and the new definition suggested by Aharonov, Anandan, 
and Vaidman, which uses a single system only. The protective 
measurement requires full a priori knowledge of the measured 
wavefunction. The measurement of an ensemble requires the knowl- 
edge of the experimental parameters that produce a quantum state. 
Due to the required a priori knowledge, both valid definitions of the 
wavefunction fail to account for the physical reality of the wavefunc- 
tion of a single quantum system. 
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4.5 PROTECTIVE MEASUREMENT: BOTH A QND 
MEASUREMENTANDAMEASUREMENTWITHOUT 
ENTANGLEMENT 

A quantum measurement that does not change the quantum state of 
the measured system at all is both a QND measurement and a 
measurement without entanglement. Consider again the three stages 
of the general quantum measurement process in which the observable 
4 of a signal system that is initially in the state I$), is being measured: 
preparation of a probe system in the pure state I $ ) p ,  interaction fi 
of the probe with the signal, and a measurement of the probe 
that yields the inferred measurement result ijl and reduces the 
probe state to the corresponding eigenstate lij,),. In a QND 
measurement the unitary interaction is chosen such that it satisfies 
the QND condition [6, 41 = 0, which in terms of the eigenstates 
of the measured observable {Iq),} is filq), = fi(q)Iq),. As a result 
there is no deterministic change in the signal due to its unitary 
interaction with the probe. In general, the state of the signal after its 
interaction with the probe is described by the density operator 
6 = Trp[fi(~$)ss($~)(~q5)pp(~~)fit]. In a measurement without en- 
tanglement the signal and probe are left disentangled after this 
interaction, i.e., the signal is left in a pure state Tr,[fi;] = 1. As a 
result there is no reduction (ie., stochastic change) in the signal due 
to a subsequent measurement of the probe. 

Writing the initial signal state in terms of the eigenstates of the 
measured observable, I$), = { d q  c(q)(q),, the conditions for a QND 
measurement and a measurement without entanglement give the 
general condition for a quantum measurement which does not 
change the state of the signal at all: 

Tr,[661= dq lc(q)12 4‘ lc(q’)I2 lp(41fit(q)fi(q’)14)p12 = 1. (4.18) s s  
With the normalization requirement for I$),, { d q  lc(q)I2 = 1, this 
condition becomes 

p(41fi+(~)&?’)14)p p(416+(q’)m14)p = 1. (4.19) 

From the unitarity of fi(q),  where p(q51fit(q)g(q)14)p = 1, and from 
the normalization requirement for Iq5)p, where p(&4)p p(414)p = 1, 
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it is obvious that this condition is satisfied only if the initial probe 
state 14)p is an eigenstate of the unitary interaction operator. 
However, in this case, the probe state is not changed at all (up to a 
phase factor) due to the interaction with the signal, and a subsequent 
measurement of the probe gives no information about the state of the 
signal (see also [113]). 

The analysis above can be repeated writing the initial probe state 
in terms of the eigenstates of the interaction operator. In this 

case the condition for a measurement which does not change the 
state of the measured system I$), is 

(4.20) 

This condition requires that the quantum state of the measured 
system be an eigenstate of the unitary interaction operator fi, 
and therefore also the measured observable 4. Note that this condi- 
tion and that for a QND measurement, which is also a protective 
measurement, are one and the same (see Section 3.5). 

We conclude that a measurement process that does not change the 
state of the measured system at all will give some information about 
the measured system only when this system is in an eigenstate of the 
measured observable. All other measurement processes will either 
lead to a change in the state of the measured system or give no 
information about this system. Therefore only the fully a priori 
known quantum state of a single system can be determined exactly. 

4.6 CONCLUSION 

We described the first and only model for a measurement without 
entanglement that is known today. We showed that in order to avoid 
reduction in the quantum state of a measured system, some a priori 
information about this state must be utilized in the process of the 
measurement without entanglement. In our model the squeezing 
parameter of a squeezed harmonic oscillator state is utilized in the 
preparation of a probe vacuum state with the opposite squeezing 
such that the probe and the signal are left disentangled after they 
interact linearly, and a subsequent measurement of the probe does 
not lead to a reduction in the state of the signal. In analyzing the 
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statistics of the results of a series of measurements without entangle- 
ment of one of the quadrature amplitudes of a single squeezed 
harmonic oscillator state, we showed that the determination of the a 
priori known uncertainty in the quadrature amplitude of the 
squeezed state using these statistics is exact; however, the determina- 
tion of the unknown expectation value of the quadrature amplitude 
is limited by the initial quantum uncertainty in this quadrature 
amplitude. For a series of measurements of a single system to provide 
any information about the quantum state of this system, beyond the 
limit which is imposed by the reduction, this information is required 
to be utilized in the measurement process and therefore a priori 
known. 

We described a scheme for the protective measurement of a 
squeezed harmonic oscillator state. By using this scheme, we showed 
that the protective measurement of a single system is equivalent to a 
measurement of an ensemble of systems. Therefore the protective 
measurement allows for a definition of the quantum wavefunction 
using a single system only. Yet the protective measurement of a single 
system accounts only for the epistemological nature of the wavefunc- 
tion of the single system, and does not add to it physical reality. 

We derived the general condition for a protective measurement. 
This measurement is both a QND measurement, in which the 
deterministic change in the state of the measured system is avoided, 
and a measurement without entanglement, in which the stochastic 
change (i.e., the reduction) is avoided. We showed that such a 
measurement process may give some information about the meas- 
ured system only when this system is in an eigenstate of the measured 
observable. We conclude that only the fully a priori known quantum 
state of a single system can be determined exactly in a series of 
measurements of the single system. 



CHAPTER 5 

ADIABATIC MEASUREMENTS OF A 
SINGLE QUANTUM SYSTEM 

5.1 INTRODUCTION 

Aharonov, Anandan, and Vaidman recently suggested that the quan- 
tum wavefunction of a single system could be determined from the 
results of a series of protective measurements of this system ([33-351 
and see also [36]), where a protective measurement leaves the 
quantum wavefunction of the measured system unchanged. They 
argued that the quantum wavefunction may therefore have an 
ontological (physical) meaning. In Chapter 4, however, we showed 
that any scheme for a protective measurement requires full a priori 
knowledge of the quantum state of the measured system to be utilized 
in the measurement process; otherwise, the protective measurement 
would give no information about this quantum state. It seems that 
one should be able to measure the wavefunction of a single system 
without any a priori knowledge if the wavefunction were physically 
real. Indeed, Aharonov, Anandan, and Vaidman suggested that for a 
single system known a priori to be in an energy eigenstate, an 
adiabatic measurement may also be a protective measurement, with- 
out requiring full a priori knowledge of the state of the system [47]. 

Consider an adiabatic measurement of the observable $ of a single 
system, with the corresponding free Hamiltonian f i 0  and energy 
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eigenstates { Ik),}, where I? , (k) ,  = hoklk),. The interaction of this 
signal with a probe, in which the observable P of the signal is coupled 
to the observable f j  of the probe, is described by the Hamiltonian 
p(t)  = h IC(C)@, where 6 is the observable of the probe which is 
canonically conjugate to f j .  The time evolution of the interacting 
signal and probe is governed by the Hamiltonian f i ( t )  = fro+ f ( t ) .  
When initially the signal is in the energy eigenstate In), and the probe 
is in the state Iq),, which is an eigenstate of 6, where ijlq), = qlq),,, 
then after their interaction the signal and the probe are disentangled, 
where the signal is in the state I$(t)), = &ak(t)lk), and the probe is 
left in its initial state Iq), (up to a phase factor). 

According to the adiabatic approximation [130], if the turn-on 
and turn-off of the interaction f ( t )  are sufficiently slow, then the 
probability amplitude ak(t) for the transition of the signal from its 
initial energy eigenstate In), to any other energy eigenstate Ik),, 
where k # n is small 

and therefore can be neglected, i.e., ak(t) x 0; also 

a,(t) x exp( - io,t) exp [ - i 1; dt ’ r ( t ’ ) (P )q ] ,  (5.2) 

where (5) = ,(nlPln), is the initial expectation value of the measured 
observable P. In this case, after the interaction is turned off at t = ITT 
where K ( T )  = ~ ( 0 )  = 0 and where ~ ( t )  is chosen to satisfy the 
normalization condition j l d t  ~ ( t )  = 1, then the signal and the probe 
are left approximately disentangled after their interaction, 

As can be seen from Eq. (5.3), the signal is approximately back in its 
initial state, with the phase factor exp( - iw,T), and the probe is left 
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in its initial state with the approximated phase factor exp[-i(i)q]. 
When the probe is prepared initially in a superposition of the 
eigenstates {lq),,j, the interaction with the signal will change the state 
of the probe, and a subsequent measurement of the probe will give 
information about the observable i of the signal, leaving the signal 
approximately unchanged. According to the approximated phase 
factor exp[ - i(i)q], an exact subsequent measurement of the probe 
would give the expectation value (i) rather than one of the eigen- 
values of the measured observable of the signal j. ([33-351 and see 
also [39,40]). 

The adiabatic protective measurement seems to allow a series of 
measurements of all observables associated with the signal to be 
performed on the signal without changing it, even if these observables 
do not commute with each other. Also i t  seems to allow estimation of 
the expectation values of the measured observables, with the estima- 
tion errors being less than the uncertainties of these observables. 
Therefore i t  seems to allow estimation of the uncertainties of the 
observables of the measured system (where an exact determination of 
(2) and (22)  would allow determination of (Ai2)) .  Thus a series of 
such adiabatic measurements seems to allow a determination of the 
unknown energy eigenstate without full a priori knowledge of this 
state. 

Aharonov. Anandan, and Vaidman concluded that the adiabatic 
measurement accounts for the physical reality of the quantum energy 
eigenstate, and an unresolved debate ensued with various arguments 
for a statistical (epistemological) meaning only [37-421 or  for the 
physical reality (or ontological meaning) [43-481 of the quantum 
wavefunction in light of the adiabatic measurement (see also [54]). 

In this chapter we consider the measurement of the generalized 
position of a harmonic oscillator in an energy eigenstate [120]. In 
Section 5.2.1 we obtain an exact solution for the time evolution of the 
harmonic oscillator signal as it interacts with a probe harmonic 
oscillator. This exact solution shows that the signal and the probe are 
actually entangled after their interaction, and a subsequent measure- 
ment of the probe will lead to a reduction in the state of the signal. 
In Section 5.2.2 we show that according to the adiabatic approxi- 
mation, the signal and the probe are disentangled after their interac- 
tion. In Section 5.2.3 we conclude that the adiabatic approximation 
neglects the reduction in the state of the signal due to a subsequent 
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measurement of the probe, and is not valid for the analysis of the 
quantum measurement of a single system. 

We conclude that an unknown energy eigenstate of a single system 
cannot be determined from the results of a series of adiabatic 
measurements of this system, and therefore the quantum wavefunc- 
tion is limited to have an epistemological (statistical) meaning only. 

5.2 POSITION MEASUREMENT OF A SINGLE HARMONIC 
OSCILLATOR IN AN ENERGY EIGENSTATE 

Consider a measurement of the generalized position 5 ,  of a quantum 
harmonic oscillator, which is initially in the number state In),. The 
free Hamiltonian of the harmonic oscillator is fi0 = ho(j.: + 5:), 
where 52 is the generalized momentum of the oscillator. The interac- 
tion of the signal with the probe, in which the generalized position of 
the signal g l  is coupled to the generalized momentum of the probe 
f i2,  is described by the Hamiltonian ?(t) = 2r2 ~ ( t ) s * ~ f i , .  The time 
evolution of the measured harmonic oscillator state is governed by 
the Hamiltonian fi(t) = fi0 + p(t). 

5.2.1 Exact Solution 

Using normal-ordering of the unitary time evolution operator, it can 
be shown [128,129] that when initially the signal is in a coherent 
state la), and the probe is in a generalized position eigenstate Ipl)p, 
where fillbl)p = B,I/?l)p, then after their interaction the signal and 
probe are disentangled. The signal is left in the coherent state 
lexp(-ior)[cr + d(t)]),, and the probe is left in its initial state I/I1),, 
(up to a phase factor), 

d(t) = - iB1 [: K(t’ )  exp(iwt’)dt’, 
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Using this result, it can be shown (after some math) that when 
initially the signal is in the number state In), = j (dza /n )  ,(aln),)ct), 
and the probe is in the generalized position eigenstate then 
again the signal and probe are disentangled after their interaction, 
where the probe is left in its initial state Ipl)p, 

where L:[ls(r)('] is the generalized Laguerre polynomial of the 
variable li5(t)12. Note that the final state of the signal depends on pl, 
the initial generalized position of the probe. 

5.2.2 Adiabatic Approximated Solution 

According to the adiabatic approximation [130], if the turn-on and 
turn-off of the interaction c(t) are sufficiently slow, the probability 
amplitude ak(t) for the transition of the signal from its initial number 
state In), to any other number state lk ) , ,  where k # n, is small, 

and therefore can be neglected, i.e., it can be assumed that ak(t) f i  0. 
This leads to the approximation 

exp(iwt') dt' E 0. (5.7) 

With this approximation, after the interaction is turned off at t = T, 
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where ti( T )  = ~ ( 0 )  = 0, evaluation of 6( T )  of Eq. (5.4) using integra- 
tion by parts gives 

1; [$ exp(iot) dt x 0. 1 P I  6( T )  = - - [ti(T) exp(ioT) - K ( O ) ]  + 
0 

Substituting this in Eq. ( 5 . 9 ,  one obtains 

(5.9) 

Note that Eqs. (5.7) to (5.9) hold exactly as long as the interaction 
between the signal and the probe is not turned on, such that 
dlc(t)/dt = 0 and K ( T )  = rc(0) = 0. In this case, though, while the state 
of the signal is indeed unchanged, a subsequent measurement of the 
probe will yield no information about the signal at all. 

5.2.3 Comparison of the Adiabatic Approximated Solution to 
the Exact Solution 

The exact solution to the time evolution problem, Eq. ( 5 . 9 ,  shows 
that the initial number state of the signal evolves to a superposition 
of number states, which depends on the initial generalized position of 
the probe P I  (Fig. 5.1~) .  The approximated solution, Eq. (5.9), 
suggests that the state of the signal has not been changed at all 
(Fig. 5.lb). 

Now consider the case in which the probe is initially in a 
superposition of generalized position eigenstates. Since a measure- 
ment of the generalized momentum of the probe f i2  is expected to 
give information about the generalized position of the signal i l ,  the 
initial uncertainty in the generalized momentum of the probe should 
be finite, and the initial state of the probe should be a superposition 
of generalized position states. In this case, the exact solution, Eq. 
( 5 3 ,  shows that the signal and the probe are actually entangled after 
the interaction, while the approximated solution, Eq. (5.9), suggests 
that they are disentangled. Therefore, while a subsequent measure- 
ment of the probe would actually lead to a reduction in the state of 
the signal, the adiabatic approximation suggests that the signal is 
unchanged. The adiabatic approximation therefore is not valid in the 
analysis of the quantum measurement process of a single system. The 
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Figure 5.1 Time evolution of a harmonic oscillator signal. The signal is 
initially in the vacuum state lo),. It interacts with a harmonic oscil- 
lator probe that is initially in a superposition of its generalized position 
eigenstates { l,41)p}. (a) The exact solution shows that as the interaction 
is turned on and then turned off, the signal and probe evolve into an 
entangled state, with a different final coherent state of the signal 
exp[iq5(/3,,T)] lexp( - ioT)[S(j T ) ] ) ,  corresponding to each initial position 
eigenstate of the probe Ijl),; (b)  The adiabatic solution suggests that the 
signal and the probe are left disentangled, with the signal back in its initial 
state lo),. 

reduction in the state of the signal is avoided only when the 
interaction between the signal and the probe is not turned on. In this 
case, however, a measurement of the probe provides no information 
about the quantum state of the signal. 
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Illustration 4 In the adiabatic measurement process, the adiabatic interac- 
tion of the signal and the probe leaves the signal only approximately 
disentangled from the probe; the state of the signal is not protected from 
reduction because of a subsequent measurement of the probe. 
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5.3 CONCLUSION 

We conclude that the adiabatic approximation used in the analysis 
of the adiabatic measurement is not valid for the analysis of the 
quantum measurement process of a single system, since it approxi- 
mates an actual entanglement of the quantum signal with the 
quantum probe as a disentanglement and therefore neglects the 
reduction in the state of the measured system. 

As we showed in Chapter 4, this reduction can be avoided when 
the entanglement of the signal with the probe is exactly avoided, 
using partial a priori information about the state of the signal. In this 
case, the unitary interaction of the signal with the probe will change 
the state of the signal in a deterministic way. In order to avoid all 
possible changes in the state of the signal while it is being measured, 
full a priori information about this state is required. Therefore only 
the fully a priori known quantum state of a single system can be 
determined from the results of a series of measurements of this 
system, and the quantum wavefunction is limited to having an 
epistemological (statistical) meaning only. 



CHAPTER 6 

QUANTUM ZEN0 EFFECT 
OF A SINGLE SYSTEM 

6.1 INTRODUCTION 

The quantum Zen0 effect, which was introduced by Misra and 
Sudarshan ([62] and see also [63-65]), is the effect of a series of 
quantum measurements, which induce reduction, on the unitary 
quantum time evolution. This effect is manifested in two types of 
(thought) experiments. In the first type, the same series of measure- 
ments is performed on each system in an ensemble of systems, all of 
which are prepared initially in the same pure state. This type of 
experiment corresponds to the quantum Zen0 effect of an ensemble, 
in which one considers the changes in the unitary time evolution of 
an ensemble of identical systems caused by a series of measurements. 
These changes were shown to be indistinguishable from those caused 
by dephasing (e.g., [18-211 and also [66-69]), where the predictions 
of quantum mechanics regarding the changes in the time evolution of 
the ensemble due to the series of measurements are independent of 
the measurement results. An unresolved debate has ensued about the 
nature of the quantum Zen0 effect with arguments for this effect being 
either a dynamical effect ( e g ,  [70-761) or a quantum measurement 
effect ( e g ,  [77-791). 
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Illustration 5 The quantum Zen0 effect was introduced as the freezing of 
the time evolution of a single system in an initial nondegenerate quantum 
state, which is an eigenstate of an observable with a discrete spectrum, due 
to exact continuous monitoring of this observable. 
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In this chapter we consider the second type of (thought) experi- 
ment, where the same series of measurements is performed on each 
system in an ensemble of systems, all of which are initially in the same 
pure state. After each measurement the measured system is retained 
only if the measurement result equals the result obtained by the first 
system to be measured; otherwise, the system is discarded. One is 
then left with a subensemble of systems that is defined not only by 
the initial pure state but also by the series of results obtained in the 
series of measurements. This type of experiment corresponds to the 
quantum Zen0 effect of a single system, in which one considers the 
following two questions: How will the unitary time evolution of the 
single quantum system change due to a series of quantum measure- 
ments? What information about the unitary time evolution of the 
single system can be obtained from the series of measurement results? 
We show that in the frame of reference that evolves in time with the 
system, these questions involve the impossibility of determining the 
unknown quantum state of a single system [114- 1181 (see also [53]): 
How will the initial quantum state of a single system change due to 
a series of measurements? What information about the initial quan- 
tum state of the single system can be obtained from the series of 
measurement results? 

In Section 6.2 we consider an example of a two-level atom in a 
single-mode cavity. We show that knowledge of the unitary time 
evolution of the photon-number in the cavity corresponds to knowl- 
edge of the initial quantum state of the single atom-photon system 
(see also [28]). Therefore it is not surprising that the information 
obtained in a series of QND measurements of the photon-number in 
the cavity about the unitary time evolution of this photon-number is 
limited. This limit is due to the quantum Zen0 effect of the single 
atom-photon system. 

In Section 6.3 we examine in general the statistics of the results of 
a series of measurements of a specific observable of a single system 
during its time evolution. These equal the statistics of a series of 
measurements of time-varying observables of a single system, where 
this system does not evolve in time between successive measurements. 
We show therefore that the quantum Zen0 effect of a single system 
and the impossibility of determining the quantum state of a single 
system are two different descriptions, in the Schrodinger and the 
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Heisenberg pictures, respectively, of the same phenomenon, which is 
due to the reduction induced by the measurement process. 

We conclude that the quantum Zen0 effect of a single system is 
more than a dephasing effect; it is truly a quantum measurement 
effect that limits the determination of the unitary time evolution of a 
single quantum system [121,122]. 

6.2 TWO-LEVEL ATOM IN A SINGLE-MODE CAVITY 

The following example illustrates the relation between the quantum 
Zen0 effect of a single system and the impossibility of determining the 
unknown state of this system. The two-level atom is described by its 
excited state, le), its ground state, Is), and the energy separation 
between them, hto. The single-photon mode is described by the 
single-photon state, 11), the vacuum state, lo), and the photon 
energy, hv. On resonance, to = \I, with the rotating wave approx- 
imation, where the energy of the state le)10) is taken as the zero- 
energy point, the Jaynes-Cummings Hamiltonian of the two-level 
atom and the single-photon mode in the cavity is fi = hgt?,, where 
hy  is the strength of the interaction between the atom and the photon 
mode. and where 

are the identity operator and the fictitious spin components in the 
space {le)10), Ig)ll)), respectively. At  t = 0 the atom-photon system 
is in the pure state 

I$(O)) = cos( i )exp(  -? )k ) lO)  + sin(:)exp(?)lg)ll). (6.2) 
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Normalized Time, aR t 
Figure 6.1 The unitary Rabi oscillations of the photon-number in the 
cavity determine the initial atom-photon state It,b(O)) up to twofold degen- 
eracy. Unique Rabi oscillations (a) for the initial atom-photon state 
It,b(O)) = 1e)O); ( b )  for either one of the initial atom-photon states It,b(O)) = 

cos(lr/4) exp( - ix/12)le)o) k sin(lr/4) exp(ilr/l2)lg)ll). 
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6.2.1 Unitary Time Evolution of the Photon-Number in the 
Cavity 

The free time evolution of the atom-photon system is determined by 
the unitary operator e(t) = cos(gt)f - i sin(gt)i?,, where I$(t)) = 

f i ( t ) l $ ( O ) ) .  One manifestation of this deterministic unitary time 
evolution is the oscillations of the photon-number in the cavity, with 
the Rabi frequency R, = 29, 

(6.3) 
1 
2 

+ - sin($) sin(@ sin(2gt), 

where Gc = Ig)ll)(gl(ll. As is well known, a record of the oscillations 
of the photon-number in the cavity, if available, would indicate the 
strength of the atom-photon interaction. We would like to emphasize 
that a record of ( $ ( t ) l G c / $ ( t ) )  would also indicate the initial state of 
the atom-photon system: sin(@ would determine t 9 ~  [O,n], and sin(4) 
would determine $ ~ [ 0 , 2 n ]  up to a twofold degeneracy, 4 and 
n - 4. Therefore, one could determine the initial atom-photon state 
up to a twofold degeneracy (Fig. 6.1). 

In the fictitious spin space, the Hamiltonian of the atom-photon 
system, H = -8,.(h$/2) with aR = -2gZ,, where I ,  is a unit- 
vector in the 2-direction, corresponds to the precession of the 
fictitious spin of the system in the reference frame {2,j j ,Z},  d a ( t ) /  
dt = -aR x $(t), where s(0) = 2$(0) - f and where $(O) = 

l$(O))($(O)l is the initial density operator. As the fictitious spin 
precesses, its projection onto the Z-axis oscillates. These are the Rabi 
oscillations of the energy of the system between the atom and the 
photon mode. In the frame of reference that rotates with the fictitious 
spin, {Z’, j j ’ ,  Z ’ ) ,  where 2’ = Z, f ’  = jj cos(R,t) - F sin(R,t), and Z‘ 
= 2 cos(R,t) + j j  sin(R,t), the spin always points in its initial direc- 
tion, but the 7- and Z-axes precess in time. The time evolution of the 
photon-number in the cavity is now a record of the projection of the 
fixed spin onto the time precessing axis 2 = Z’cos(R,t) - 7’ sin(R,t). 
To determine the initial direction of the fictitious spin, one needs to 
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Figure 6.2 Atom-photon system in fictitious spin space. The spin, which 
precesses around the x-axis in the frame {Z, 7,2} with the angular frequency 
6,II -2, is constant in time in the rotating frame {?’, j j ’ ,  Z’}. The Z-axis, 
which is constant in time in the frame {Z, y,Z}, appears to be precessing in 
the rotating frame {Z’, y’, Z’} with the angular frequency -aR. Both spins, 
which initially point in the directions (0,4) and (0, n - 4) with mirror 
symmetry about the {y,Z}-plane, have identical projections on the Z-axis at 
all times. 

know its projections along the 2-, 7-, and Z-axes; in other words, one 
needs to measure GX, 8,, and 8,. Indeed, the process of free precession 
in time, interrupted by repeated measurements of 8,, appears in the 
rotating frame of reference as a series of measurements of the 
time-varying observable 8= = 8: cos(Q,t) - 8; sin(Q,t). These 
measurements provide information about the projection of the ficti- 
tious spin in the {jj,Z}-plane only, from which one could determine 
the initial direction of the spin up to a twofold degeneracy due to 
mirror symmetry about the { j j ,  2)-plane (Fig. 6.2). 
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6.2.2 Series of QND Measurements of the Photon-Number 
in the Cavity 

Assume now that one is trying to obtain a record of the unitary time 
evolution of the atom-photon system, from which the initial state of 
the system may be deduced, using a series of Q N D  measurements of 
the photon-number in the cavity [l09]. Each time a measurement is 
performed, the atom-photon state is correlated in an optical Kerr 
medium in the cavity to a squeezed probe state I t ~ , r ) ~ ,  with the 
excitation la21 and the squeezing parameter r .  This process is de- 
scribed by the unitary operator U(A,) = exp(ipA,A,), where A, and A, 
are the photon-number operators of the cavity mode and the probe, 
respectively, and p is the coupling strength. The second-quadrature 
amplitude of the probe, 6 2 , p ,  is measured precisely by a homodyne 
detection, and if the initial phase of the probe is zero, and the 
coupling is weak, p << 1, then the measurement result a 2  gives the 
inferred photon-number ii 2 a2/(lalp), with the inference error 
A2 = e -  2'/(21a1p)2. The probability-amplitude operator [55,83] that 
describes this measurement process is 

where it is assumed, without loss of generality, that exp( i a2p )  = 1. 
Note that this is a general form for all photon-number Q N D  
measurements, for which ii and A are the measurement result and 
error, respectively. The state of the atom-photon system after the 
measurement is $,(fi) = ~ ( f i ) -  F(fi,, i i ) j b E + ( i t , ,  ii), where 
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is the atom-photon state before the measurement, and P(ii) = 

1 Yl l(ii)\2p + 1 Y2,(ii)J2p,, is the probability to obtain the measure- 
ment result ii. 

The effect of the measurement on an ensemble of systems, which is 
independent of the measurement results, is to reduce the coherences, 
i.e., the off-diagonal elements, of the ensemble density operator. 
Therefore the measurement effect appears to be similar to that of 
dephasing, 

This is why quantum dephasing is considered to be a consequence of 
a measurement process, where the corresponding measurement result 
cannot be recorded. Indeed, the quantum Zen0 effect of an ensemble, 
the effect of a series of measurements on the time evolution of an 
ensemble of systems, was shown to be indistinguishable from the 
effect of dephasing (e.g., [18-211 and also [66-691). So is the case in 
our example, where the series of photon-number measurements 
introduce dephasing of the unitary photon-number oscillations. 
When the measurements are imprecise, A > 1, their disturbance of 
the coherence between the atom and the photon mode is small, and 
the photon-number oscillations are underdamped (Fig. 6.3a), and 
when the measurements are precise, A < 1, the photon-number 
oscillations are overdamped (Fig. 6 .4~) .  Yet the time dependence of 
the ensemble average of the results of the photon-number measure- 
ments (i.e., the time evolution of the expectation value of the cavity 
photon-number) would allow determination of the initial state of the 
identical atom-photon systems, even though it includes the damping 
induced by the series of measurements. Also the unitary time evol- 
ution of the photon-number (i.e., the Rabi frequency of the photon- 
number oscillations) can be determined from the results of a series of 
photon-number measurements performed on an  ensemble of atom- 
photon systems. 

The results of a series of photon-number QND measurements 
performed on a single atom-photon system, however, cannot be used 
to determine the unitary time evolution of the photon-number in the 



84 QUANTUM MEASUREMENT OF A SINGLE SYSTEM 

(a) Ensemble Averaged Measured Photon-Number 
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Figure 6.3 Series of imprecise photon-number QND measurements per- 
formed on a single atom-photon system with the measurement error A = 2 
at a rate of 32R,/rr. The system is initially in the state I$(O)) = le)10). (a )  
The averages over the ensemble measurement results determine the under- 
damped oscillations of the photon-number in the cavity; ( h )  the results 
obtained from a single system cannot estimate these underdamped oscilla- 
tions. 
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Figure 6.4 Series of precise photon-number QND measurements per- 
formed on a single atom-photon system with the measurement error A = 0.1 
at a rate of 32SZ,/n. The system is initially in the state Itj(0)) = le)10). (a )  
The averages over the ensemble measurement results determine the over- 
damped oscillations of the photon-number in the cavity; ( b )  the quantum 
jumps exhibited by the results obtained from a single system cannot estimate 
these underdamped oscillations. 
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cavity nor the initial state of the single system (Figs. 6.36 and 6.4h). 
This is because in the process of the quantum measurement, the state 
of the single system is changed according to the measurement result. 
Each of the results of a series of measurements performed on a single 
system depends statistically on all the previous measurement results 
regardless of the precision of the measurements. Because of their 
statistical dependence, these results cannot determine the initial 
quantum state of the single system fully [114-1181, and in our 
example, they also cannot determine the unitary time evolution of the 
single system. 

In this example, knowledge of the initial state of the single 
atom-photon system corresponds to knowledge of the unitary time 
evolution of this system. A series of measurements designed to obtain 
the unitary time evolution of the single system would have the same 
effect on the system as a series of measurements designed to obtain 
the initial quantum state of this system in the absence of unitary time 
evolution. 

6.3 SCHRODINGER AND HEISENBERG PICTURES: 
EQUIVALENCE TO THE IMPOSSIBILITY OF DETERMINING 
THE QUANTUM WAVEFUNCTION OF A SINGLE SYSTEM 

In Chapters 2 and 3 we showed that the quantum state that describes 
a single system cannot be determined from the results of a series of 
measurements performed on the single system. Let us now show that 
this effect of the impossibility of determining the unknown quantum 
state of a single system is equivalent to the quantum Zen0 effect of a 
single system. 

Consider a series of n measurements of the observable 6 performed 
on a single quantum system during its unitary time evolution in the 
time interval r~ [0, TI. The initial state of the system is described by 
the density operator jjo, and the deterministic time evolution of the 
system in between the ( k  - 1)th and the kth measurements, at 
f k - l  = ( k  - l)T/n and t k  =_kT/n, respectively, is described by the 
unitary operator f i k ,  ik = u k j j k -  a. The kth measurement process 
at t ,  = kT/n (i.e., the preparation of the kth probe in the pure state 
14)p.kr the interaction of this probe with the measured system f iM(Lj )  
and the result of the measurement g k ,  which corresponds to the 
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Illustration 6 The Schrodinger and the Heisenberg pictures describe the 
quantum Zen0 effect of a single system and the equivalent effect of the 
impossibility of determining the quantum wavefunction of a single system, 
respectively. 
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state of the probe after the measurement I&')p,k) is described by 
the probability-amplitude operator E = F(ij, i j k )  = p , k ( i j k l  f i M ( i j ) I $ ) , , k .  

The state of the system after the kth measurement is f iO ,k  = 
P ( i j k ) - ' f k f i b , k E + ,  where f ib ,k  is the state of the system before this 
measurement and p(ijk) = Trs[Efib,k?i], with the trace over the 
operators of the measured system, is the probability of obtaining the 
measurement result i j k .  The density operator that describes the single 
system at t = T after the nth measurement is 

The probability density of obtaining the series of measurement results 
(il,...>ijJ is 

where we used the unitarity of the time evolution operators, C k f i i  = r^, 
with r^ being the identity operator, and where 2, = 2 ( G k ,  i j k )  = 

fi; ... fiLEfik 1 - 1  c,. Note that PH( i j l , .  . . , G,,) describes the probabil- 
ity density of obtaining the series of results (ijl,. . . , i j J  in the series 
of measurements (zl,. .  .,?,) of the single system, with no time 
evolution in between successive measurements. The state of the 
system after the process, which is described by P H ( i j l , .  . . , ij , ,),  is 

(6.9) 

Since the statistics P,(q",, . . . , i j , , )  and PH(G1,. . .,in) are equal, the 
physical processes that they describe are equivalent. While f i s  is the 
density operator of the system at t = T in the Schrodinger picture, 
where the time evolution is attributed to the state of the system, f i H  
is the density operator of this system in the Heisenberg picture, where 
the time evolution is attributed to the observables associated with the 
system, and therefore also to the probability-amplitude operators. In 
fact f i H  could be viewed as the state of the system at t = T in the 
reference frame that evolves in time with the system. Indeed, in the 
specific case of QND measurements, where [ E, 41 = [ f iM(l j ) ,  $1 = 0, 
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the probability-amplitude operators in the Heisenberg picture de- 
scribe successive measurements of the time evolving observable 

4 - 6; ... 
k -  (6.10) 

For example, the case of a series of photon-number QND 
measurements of a two-level atom and a single-photon mode in a 
cavity of Section 6.2 can be viewed in the space of the fictitious spin 
associated with the atom-photon system using the Schrodinger 
picture, in which the photon-number measurements correspond to 
measurements of Cz,  the 5-component of the precessing spin ~?(t). In 
the Heisenberg picture, i.e., in the frame of reference that rotates 
with the spin, the photon-number measurements correspond to 
repeated measurements of the precessing observable 6* = 6; cos(R,t) 
- 6; sin(R2,t). 

The Schrodinger and the Heisenberg pictures describe equivalent 
physical phenomena. In the Schrodinger picture j j s  describes the 
effect of a series of measurements of the same observable on the free 
time evolution of a single system, and P,(ij,, . . . , ij,J describes the 
information about the free time evolution of the system that is 
contained in the measurement results. The Schrodinger picture there- 
fore describes the quantum Zen0 effect of a single system. In the 
Heisenberg picture j jH  describes the inverse quantum Zen0 effect of 
a single system [65,72], i.e., the stochastic time evolution of a single 
quantum system due to a series of measurements of a time-varying 
observable, and PH(G . . , ij,J describes the impossibility of deter- 
mining the unknown quantum state of a single system. The quantum 
Zen0 effect of a single system is equivalent to that of the impossibility 
of determining the unknown quantum state of a single system. 

6.4 CONCLUSION 

We showed that the quantum Zen0 effect of a single system and the 
impossibility of determining the unknown quantum state of a single 
system are two descriptions, in the Schrodinger and the Heisenberg 
pictures, respectively, of the same phenomenon: the effect of a series 
of measurements on the state of the single system, as a consequence 
of the reduction induced by the measurements. In the Heisenberg 
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picture the series of measurement results cannot give full information 
about the initial quantum state of the system, and in the Schrodinger 
picture these results cannot give full information about the unitary 
time evolution of the single system. 

The quantum Zen0 effect of a single system is therefore more than 
a dephasing effect. It is truly a quantum measurement effect, which 
limits the determination of the unitary time evolution of any single 
observable of a single quantum system. 



CHAPTER 7 

FUNDAMENTAL QUANTUM LIMIT TO 
EXTERNAL FORCE DETECTION VIA 
MONITORING A SINGLE HARMONIC 
OSCILLATOR (OR FREE MASS) 

7.1 INTRODUCTION 

State-of-the-art precision measurements, such as those that are em- 
ployed for gravitational wave detection and those that utilize scan- 
ning probe microscopy or Josephson junction circuits, are based on 
the monitoring of the time evolution of a single physical system. The 
classical noises that limit these techniques originate in the processes 
of dissipation and dephasing caused by the coupling of the monitored 
system with its environment. The possibility of isolating a physical 
system from its environment almost perfectly, so that it may be 
considered a quantum system, has renewed interest in the question of 
the fundamental quantum limit to  the detection of a classical signal 
via monitoring the time evolution of this system ([SO-1011 and see 
also [ 102- 1133). 

The model of a quantum harmonic oscillator driven by an external 
force, which in the limit of a vanishing natural frequency becomes a 
driven free mass, approximates almost all precision measurement 
techniques. Braginsky et al. [S0-83] and Caves et al. [84] suggested 
that the detection of the force is constrained by the standard 
quantum limit (SQL) when the position of the oscillator (or mass) is 
monitored, where a position measurement imposes back-action noise 
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on the momentum and may increase the position uncertainty 
at a later time. Yuen [SS] and Ozawa [86] showed that the 
position of a free mass could be monitored precisely using con- 
tractive state measurements. They concluded that there is no 
limit to force detection via monitoring the position of the mass, 
when the state of the mass is reset to a known contractive 
state after each measurement. A long unresolved debate ensued, 
with various arguments for the possibility [87-921 or the im- 
possibility ([93-961 and see also [97,98]) of beating the SQL 
to force detection in position monitoring. The possibility of beating 
the SQL in monitoring the position of a free mass, when the 
state of the mass is reset to a known contractive state after 
each measurement, also raised an interest in the preparation 
of a free mass (or harmonic oscillator) in a specific initial quantum 
state, such as a squeezed state, for external force detection (e.g., 
C991). 

Braginsky et al. [SO-S3], Caves et al. [S4], and Hollenhorst [loo] 
also suggested that detection of the force beyond the SQL could be 
achieved via monitoring the number of quanta of energy of the 
oscillator using QND measurements (e.g., [ 101-1 131). 

In this chapter we show that there is a fundamental quantum limit 
to external force detection via monitoring the time evolution of a 
single harmonic oscillator [123]; this limit was neglected so far. This 
quantum limit is equivalent to the impossibility of determining the 
quantum state of a single oscillator [114-1181 (see also [53]) and to 
the quantum Zen0 effect of the oscillator [121,122], and requires an 
exchange of at least one quantum of energy between the oscillator 
and the force per sampling time interval. 

In Section 7.2 we analyze the monitoring of the dynamic observ- 
ables of a free mass, which is driven by an external force. We show 
that in the monitoring of the momentum of the free mass, estimation 
of the momentum change, and therefore also the force is independent 
of the initial quantum uncertainty in the momentum. This is due to 
the correlation between successive momentum measurement results. 
Preparation or resetting of the state of the mass after each measure- 
ment is therefore unnecessary in this case. However, in the monitor- 
ing of the position of the free mass, without resetting the state of the 
mass after each position measurement to a known state, estimation 
of the displacement is limited by the initial quantum uncertainty in 
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Illustration 7 The model of a quantum harmonic oscillator driven by an 
external force approximates almost all precision measurement techniques. 
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the momentum, and therefore estimation of the force is limited by the 
SQL. This is, again, due to the correlation between successive 
position measurement results. This correlation, which was neglected 
in previous analyses, is also at the root of the impossibility of 
determining the quantum state of the single free mass [114-1181. 
Indeed, in Section 7.3 we show that the independence of momentum 
monitoring of the initial quantum state of the mass and the SQL in 
position monitoring are in full agreement with the impossibility of 
determining the quantum state of a single driven free mass. 

In Section 7.4 we revisit the historic debate about the meaning of 
the uncertainty principle and the completeness of quantum mechan- 
ics [57-611. We show that the uncertainty principle limits the 
determination of both position and momentum of a free mass at any 
given time, even when this time belongs to the past. We conclude that 
to this end quantum mechanics is complete. 

In Section 7.5 we generalize our results from Section 7.2 to the 
monitoring of the dynamic observables of a harmonic oscillator, 
which is driven by an external force. We show that in this case the 
detection of the external force is limited only by the uncertainty in 
the simultaneous monitoring of the two slowly varying quadrature 
amplitudes, and is independent of the initial quantum state of the 
oscillator, in analogy to the monitoring of the momentum of the free 
mass. This limit requires an exchange of at least one quantum of 
energy between the force and the oscillator. In Section 7.6 we analyze 
the monitoring of the number of quanta of energy of a harmonic 
oscillator, which is driven by an external force. We show that in this 
case the detection of the external force is limited by the minimum 
possible uncertainty in estimating the oscillator number change. 
Again, an exchange of at least one quantum of energy between the 
force and the oscillator is required. Force detection at this limit can 
be achieved by either QND or standard destructive number measure- 
ments, and requires resetting of the oscillator state to the vacuum 
state after each number measurement, in analogy to the monitoring 
of the position of a free mass. This limit is due to the unknown and 
therefore arbitrary relative phase between the oscillator and the force. 
This arbitrary phase is also at the root of the quantum Zen0 effect of 
the single driven harmonic oscillator [121,122]. Indeed, in Section 
7.7 we show that this limit is in full agreement with the quantum 
Zen0 effect of the single driven harmonic oscillator. 
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We conclude that there is a fundamental quantum limit to external 
force detection. This limit requires an exchange of at least one 
quantum of energy between the force and the oscillator (and vanishes 
for the free mass). Force detection beyond this limit is impossible, no 
matter what quantum state the oscillator is prepared in, what 
observables of the oscillator are being monitored, or what measure- 
ment schemes are being employed. 

7.2 MONITORING THE DYNAMIC OBSERVABLES OF A 
SINGLE DRIVEN FREE MASS 

A free mass, which is driven by an external force, is described by the 
Hamiltonian fi = b2/2m - F ( t ) i ,  where i and j are the position and 
momentum of the mass, respectively, and F ( t )  is the force. The time 
evolution of the mass is described by the Heisenberg equations of 
motion d i l d t  = b/m and db/dt = F(t),  which give 

(7.1) 

A s,' dt' [l dt"F(t"). (7.2) 
1 
m %(t)  - i ( 0 )  = -@(O)t  + - 

7.2.1 Momentum Monitoring 

According to Eq. (7.1), the time-integrated force can be determined 
from the momentum change act) - j (0) .  It is the common assump- 
tion that the error in the determination of the force via the monitor- 
ing of the momentum of the mass is due to independent errors in the 
estimates of b(0) and j ( t ) ,  i.e., ( A j 2 ( 0 ) )  + A: and ( A b 2 ( t ) )  + A: = 

( A j 2 ( 0 ) )  + A:, where A ,  is the momentum measurement error. 
This common assumption is implicit in the arguments for the 
standard quantum limit (SQL), where ( A i 2 ( 0 ) )  + ( A i 2 ( t ) ) ,  rather 
than ( A [ % ( t )  - 2(0)]2) + A:, is minimized (e.g., [SO-981). From this 
assumption one may conclude that for a given measurement error 
A,,,, the force determination is best when the mass is prepared initially 
in a momentum eigenstate, with ( A b 2 ( 0 ) )  = 0. It is this conclusion 
that underlies the interest in the preparation of a free mass (or 
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harmonic oscillator) in a specific initial quantum state, such as a 
squeezed state, for external force detection (e.g., [99]). 

In fact the error in the determination of the external force is due 
to the error in the estimate of the momentum change j ( t )  - j(O), and 
is therefore fundamentally limited by the quantum uncertainty in the 
momentum change ( A [ j ( t )  - $(0)12). 

As we discussed in Section 2.3, in the quantum measurement of any 
observable of a single system, for example, j ,  the measurement result 
can be thought of as an estimate of the expectation value (or average) 
of this observable ( j ) .  The error in this estimate of course is limited by 
the measurement error A,,, which is associated with the experimental 
setup. The fundamental limit to the estimate error is, however, the 
initial quantum uncertainty which is associated with the measured 
observable (Aj’). The change in an observable over time, for example, 
j ( t )  - j ( O ) ,  is also an observable. Therefore any measurement scheme 
that is designed to estimate the expectation value of the change in the 
observable, ( j ( t )  - j ( O ) ) ,  would be fundamentally limited by the 
quantum uncertainty in this observable, ( A [ j ( t )  - j(0)I2). This 
includes the case where the change in an observable of a single system 
over time is determined by a direct measurement of the observable 
change that is performed on the single system. It also includes the case 
where the change in the observable, such as j ( t )  - j ( O ) ,  is determined 
from the results of a series of time measurements of the observable 
that are performed on the single system, such as j ( t )  and j(0). 

In the case of the free mass, which is driven by an external force, 
the uncertainty in the momentum change is independent of the initial 
momentum uncertainty (Aj2(0)), 

= (Aj2(t))  - (Aj2(0)) = 0. (7.3) 

This is because of the correlation between j (0)  and j ( t ) ,  which is 
ignored by the common assumption. We conclude that external force 
detection via monitoring the momentum of a driven free mass is in 
fact independent of the initial momentum uncertainty. This con- 
clusion is in contradiction to the common assumption yet, as we 
show in Section 7.3, it is in full agreement with the impossibility of 
determining the unknown quantum state of the mass. 
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7.2.2 Direct Measurement of the Momentum Change 

We now illustrate our general assertion that  the change in an 
observable over time is itself an observable, with the following 
scheme for a direct measurement of j ( t )  - j ( O ) ,  the change in the 
momentum of the free mass m, as it is being driven by the external 
force F ( t )  (Fig. 7.1). 

Figure 7.1 Direct measurement of the momentum change of a free mass rn. 
A probe wavepacket of light, which is prepared in a state of a series of 
single-photon pulses, of pulse duration T and repetition rate l/T, is reflected 
off the signal free mass. An interferometric measurement, with a time delay 
T and a frequency shift uin, introduced in one of the interferometer arms, 
estimates the frequency difference between the Doppler shifts in the carrier 
frequencies of the t = 0 and T pulses. When the free mass is not accelerated 
by an external force in the time period [0, TI,  the Doppler shifts at t = 0 
and T are identical, and the frequency difference is centered at qnt. When 
the mass is accelerated in the +?-direction, the Doppler shifts decrease in 
time and the beat frequency is centered at (&,,(T) - hP(O)) > 0; conversely, 
when the mass is accelerated in the -2-direction, the Doppler shifts increase 
in time and the beat frequency is centered at (&,,(T) - hP(O)) < 0. This 
measurement scheme is different from the von Neumann Doppler speed 
meter, since no information about the free mass momenta at t = 0 and T is 
obtained. 
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A probe wavepacket of light is prepared in a state of a series of 
single-photon pulses of repetition rate l/T The initial carrier fre- 
quency of each pulse is hp( <O), which is initially centered at  
(&I,( <O))  = w with the spectral width (Ah , (  <O)) = l /z  corre- 
sponding to the pulse duration z. The probe wavepacket is reflected 
off the signal free mass, such that the Doppler shifts in the carrier 
frequencies of the two pulses at t = 0 and T are linear with the 
momenta of the signal mass at t = 0 and ?; respectively, 

&,(O) = hp( <O) 1 - - p,(O) , [ 2 3 
h,(T) = h,(<O) 1 - - f i s (T)  , [ :c 1 (7.4) 

where c is the speed of light. 
To obtain information about the signal mass momentum change, 

i , ( T )  - i , ( O ) ,  one can measure the frequency difference of the probe 
single-photon pulses, hp( T )  - hp(0), using an  interferometric mea- 
surement. In such an interferometric measurement, the probe is split 
by a 50%-50% beam splitter into the two interferometer arms, where 
a time delay of T and a frequency shift of mint are introduced in one 
of the arms. The two partial probe wavepackets from the two 
interferometer arms are then recombined by another 50%- 50% 
beam splitter. Two balanced detectors at the output ports of this 
beam splitter, followed by a differential amplifier, measure the beat 
frequency between the two partial probe wavepackets from the two 
interferometer arms, h,(T) - h,(O) + coin,. Note that the frequency 
shift of mint allows a measurement of a frequency difference that is 
either positive or negative. 

The momentum change observed in this measurement scheme, 

is centered at ( [i,s( T )  - fis(0)]obs) = ( f is(  T )  - i , ( O ) ) .  The uncertain- 
ty in the observed momentum change is the sum of the quantum 
uncertainty in the momentum change and the measurement error due 
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to the finite spectral width of the probe single-photon pulses, 

Note that this measurement scheme is different from the von 
Neumann Doppler speed meter [55 ,  831, since in this measurement 
scheme no information about the free mass momenta, i S ( O )  and a,(T), 
is obtained. An interferometric measurement of the probe frequency 
difference is therefore a direct measurement of the signal momentum 
change, and it is not surprising that this measurement is not con- 
strained by the quantum uncertainties in the momenta of the mass, 

We conclude that both measurement schemes- the direct 
measurement of the mass momentum change and the monitoring of 
the momentum of the mass-estimate the momentum change and 
therefore also the external driving force without being constrained by 
the initial quantum state of the mass. Neither scheme requires initial 
state preparation or resetting. 

(AB,2(0)) and ( A a m ) .  

7.2.3 Contractive State Measurements Beat the Standard 
Quantum Limit (SQL) in Position Monitoring with State 
Resetting 

According to Eq. (7.2), the doubly time-integrated external force can 
be determined from the displacement i ( t )  - i ( 0 )  of the free mass. 
Braginsky et al. ([80-821 and [83], pp. 105-109) and Caves et al. 
[84] suggested that the determination of the force via monitoring the 
position of the mass is constrained by the so-called standard quan- 
tum limit (SQL). According to the uncertainty principle, 

a position measurement must impose back-action noise on the 
momentum. This increase in the momentum uncertainty will lead to 
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Figure 7.2 As the driven free mass evolves in time, its momentum uncer- 
tainty does not change (Af i2( t ) )  = (Afi2(0)). This is because the time 
evolution of the momentum of the mass is decoupled from that of the 
position. The position uncertainty does change, since the time evolution of 
the position is coupled to that of the momentum. (a) When the driven free 
mass is initially in a minimum-uncertainty state, with ({A%(O), Afi(O)}) = 0, 
its position uncertainty increases in time (Ak2(t)) > (Ai2(0)) .  (b) When the 
mass is initially in a contractive state, with ({Ai(O), Afi(O)}) < 0, its position 
uncertainty actually decreases for a certain period of time (Ai2 ( t ) )  < 
(Ai2(0)), until it reaches a minimum-uncertainty state, and from that 
moment on the position uncertainty increases in time. 

an increase in the position uncertainty a t  a later time, 

1 
rn (A.a2(t)) = (Ai2(0) )  + (Aj2(0))t2 

1 
= (A\Et2(0)) + (tlf)l 2rn (A22(0)) 

ht 
2-9 rn (7.8) 

when the state of the free mass after the first position measurement is 
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a minimum uncertainty state, which satisfies ( { A i ( O ) ,  Aj(0)))  = 0 
(Fig. 7 . 2 ~ ) .  

Yuen [85] and Ozawa [86] showed, however, that the increase 
in the momentum uncertainty would lead to a decrease in the 
position uncertainty when the free mass is initially in a con- 
tractive state, for which the position and momentum are negatively 
correlated such that ( { A i ( O ) ,  Aa(0))) < 0 (Fig. 7.2b). Specifically, 
when the initial position and momentum of the free mass satisfy 
( { A i ( O ) ,  Ai(0 ) ) )  -+ - co, then both i ( 0 )  and R(t) can be determined 
exactly, with ( A i 2 ( 0 ) )  + 0 and 

1 1 
( A i 2 ( t ) )  = ( A P ( 0 ) )  + -j (Afi2(0))t2 + - ( { A i ( O ) ,  Ai(0)))t  + 0, m m 

even though the uncertainty in i ( 0 )  is infinitely large, (Ai’(0)) + 00. 

When the mass is initially in a known contractive state, for which 
both the position i ( 0 )  and the momentum i ( 0 )  are known, estimation 
of the displacement is limited only by the estimation of the position 
at a later time i ( t ) .  However, in this case i ( t )  can be determined 
exactly such that both the quantum uncertainty ( A i 2 ( t > ) ,  which is 
associated with i ( t ) ,  and the measurement error A:, which is asso- 
ciated with the experimental setup, vanish. Therefore the limit to 
external force detection via monitoring the position of a driven mass 
vanishes when the state of the mass is reset to a known contractive 
state after each position measurement. Note that as we showed in 
Sections 7.2.1 and 7.2.2, the limit to external force detection via 
monitoring the momentum of the mass also vanishes, but without 
requiring state resetting or preparation. 

Yuen and Ozawa included in the contractive measurement scheme 
resetting of the state of the mass to a known contractive state after 
each measurement. They concluded that external force detection via 
monitoring the position of a driven mass using contractive state 
measurements has no fundamental limit; and a long unresolved 
debate ensued, with various arguments for the possibility [87-921 or  
the impossibility ([93-961 and see also [97,98]) of beating the SQL 
to force detection in position monitoring. 
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7.2.4 Without State Resetting There Is SQL in Position 
Monitoring 

Ignored in this debate was the fact that the contractive measurement 
scheme suggested by Yuen and Ozawa includes resetting the state of 
the driven free mass to a known state after each measurement. 
Indeed, without state resetting, external force detection via monitor- 
ing the position of a driven mass is limited by the SQL. This is the 
case even when the position of the mass is monitored using contrac- 
tive state measurements, which project the state of the mass onto any 
one of a set of contractive states. Then the error in the determination 
of the external force is due to the error in the estimate of the 
displacement i ( t )  - i ( O ) ,  which is limited by the quantum uncer- 
tainty in the displacement ( A [ i ( t )  - i ( O ) l 2 )  rather than the 
quantum uncertainties in the position ( A i 2 ( 0 ) )  and ( A i 2 ( t ) ) .  When 
both i ( 0 )  and i ( t )  are determined exactly, with ( A i 2 ( 0 ) ) ,  
( A i 2 ( t ) )  + 0, the uncertainty in i ( t )  - i ( 0 )  is actually infinitely 
large: 

( A [ i ( t )  - i ( 0 ) I 2 )  = ( A i 2 ( t ) )  + ( A i 2 ( 0 ) )  - ( { A i ( O ) ,  A i ( t ) ) )  

1 
m 

= ( A i 2 ( t ) )  - ( A i 2 ( 0 ) )  - - ( { A i ( O ) ,  Ab(0)))t 

1 
m2 

= - (AE;2(0))t2 + 00. (7.10) 

Again, this is due to the correlation between i ( 0 )  and i ( t )  which was 
neglected in all previous analyses. 

Exact determination of i ( O ) ,  i ( t , ) ,  and also i ( t 2 ) ,  where t ,  > t , ,  if 
it were possible, would allow exact determination of the external 
force from the change in the displacement [ i ( t 2 )  - i ( t , ) ]  - 
[ i ( t , )  - 2(0)] = i ( t , )  - 2 i ( t , )  + i (0) .  This is because the quantum 
uncertainty in the displacement change, in analogy to the quantum 
uncertainty in the momentum change, always vanishes, 
( A [ i ( t , ) - 2 i ( t l ) + . ? ( O ) ] * )  =O. However, when both i ( 0 )  and i ( t , )  
are determined exactly, with (Ak2(0)), ( A i 2 ( t , ) )  + 0, (At2(0)) 
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+ '.c, and ({Ai(O), Afi(0))) + - 00, then 

2 
= ( ( A i ( O ) ,  AF(0))) + - (Af i2 (0 ) ) ) t  = 0. (7.1 1) 

m 

According to Eq. (7.10), in this case the position uncertainty at t ,  is 
infinitely large (Ai2 ( t2 ) )  --f m. Exact determination of i ( t 2 )  together 
with that of i(0) and i ( t )  is impossible, and therefore exact determi- 
nation of the force from the displacement change is also impossible. 
We conclude that in exact position monitoring of a driven free mass 
using contractive state measurements, where each measurement pro- 
jects the state of the mass into any one of a set of contractive states 
rather than to an a priori known contractive state, all information 
about the displacement of the mass and therefore also the force is 
lost. 

In the infinitely imprecise position monitoring of the mass, all 
information about the force is lost due to the measurement error 
A: + m, even though in this case the momentum uncertainty may 
satisfy (Afi2(0)) + 0. This trade-off between the measurement error 
A: and the momentum uncertainty after the first measurement 
(At2(0)) proves that force detection via position monitoring of a free 
mass is limited by the SQL (as is argued in [93-96]), where 

(A[.%(l) - .?(0)12) + A: = (Afi2(0)) + A: 

= (A@,( < 0)) + A: + A: 

+T +A: 'I 1 (EY [ ( A i 2 (  <O))  A, 

a("> 2 1  7 + A :  
2m A, 

ht 
3 - - ,  

m 
(7.12) 
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where (Aj2(<O)) and (A22( <O))  are the uncertainties in the 
momentum and position of the mass before the first position 
measurement at t = 0, respectively, and A: is the back-action noise 
imposed on the momentum due to this position measurement. Force 
detection at this limit can be achieved via optimal imprecise, rather 
than exact, position monitoring, with the measurement error A: = 
ht/2m when the mass is prepared before the first position measure- 
ment in a momentum eigenstate with ( A i 2 ( < 0 ) )  + 00 so that the 
momentum uncertainty after the first position measurement satisfies 
(Afi2(0)) = A: = ht/2m (as is argued in [97,98]). 

We conclude that force detection via monitoring the position of a 
single driven free mass is limited by the SQL, unless the state of the 
mass is reset to a known contractive state after each position 
measurement, since the time evolution of the position of the mass is 
coupled to that of the momentum. The best schemes for determina- 
tion of the momentum change, and also the force, are independent of 
the initial state of the mass and therefore do not require initial state 
preparation or resetting. One such scheme, which we discussed in 
Section 7.2.1, is the monitoring of the time evolution of the momen- 
tum of the free mass, which is decoupled of that of the position; 
another scheme, discussed in Section 7.2.2, is the direct measurement 
of the change in the momentum. 

7.3 EQUIVALENCE TO THE IMPOSSIBILITY OF 
DETERMINING THE QUANTUM STATE OF A SINGLE DRIVEN 
FREE MASS 

In Chapters 2 and 3 we proved the impossibility of determining the 
unknown quantum state of a single system. We showed that the 
statistics of the results of a series of measurements of a single system 
are independent of the uncertainties of the measured observables and 
that therefore these uncertainties cannot be estimated, unlike the 
corresponding expectation values [114- 1183. In Section 7.2 we 
showed that in monitoring the momentum (or position) of a driven 
free mass, estimation of the momentum change (or displacement) is 
independent of the initial quantum uncertainty in the momentum (or 
position). 
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Indeed, a series of momentum measurements of a single mass, 
which is prepared in a known quantum state, for the purpose of 
determining an unknown driving force is equivalent to a series of 
momentum measurements of a mass, which is driven by a known 
force, for the purpose of determining the unknown initial momentum 
uncertainty of the mass. In both cases the statistics of the measure- 
ment results are independent of the initial momentum uncertainty 
due to the correlation between the results. External force detection 
via monitoring the momentum (or position) of a driven free mass is 
independent of the initial momentum (or position) uncertainty, in 
contradiction to the common assumption and the previous sugges- 
tions (e.g., [S0-98]), yet in full agreement with the impossibility of 
determining the unknown quantum state of the single driven free 
mass. 

In Section 7.2 we showed also that in monitoring the position of 
a driven free mass, without resetting the state of the mass after each 
measurement, estimation of the displacement is limited by the initial 
quantum uncertainty in the momentum. Indeed, the time evolution 
of the position of the free mass is coupled to that of the momentum. 
According to Eq. (7.2) determination of the displacement 2(t) - Et(0) 
is equivalent to that of the momentum b(t). It is not surprising then 
that when the position 2(t) is determined exactly, and therefore the 
momentum b(t) is completely unknown as is required by the uncer- 
tainty principle, the displacement Et(t) - i ( 0 )  and also the force F ( t )  
are completely unknown. In the exact position monitoring of a driven 
free mass using contractive state measurements all information about 
the displacement of the mass and the force is lost, in full agreement 
with the impossibility of determining the unknown quantum state of 
the mass. 

7.4 MEANING OF THE UNCERTAINTY PRINCIPLE AND 
COMPLETENESS OF QUANTUM MECHANICS 

In 1927 Heisenberg articulated ([57] and see also [SS]) that, accord- 
ing to quantum mechanics, the position Et and momentum fi of a 
single physical system cannot both be measured exactly a t  the same 
time t. He considered specifically the Heisenberg microscope thought 
experiment in which the position of a free mass is determined by 
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reflecting a photon off this mass and detecting the position of the 
reflected photon. Heisenberg showed that this position measurement 
of the free mass would impose back-action noise on the momentum 
of the mass caused by the recoil of the mass as it scatters the photon. 
He showed that the quantum uncertainties in the position and 
momentum of the single free mass must satisfy the following uncer- 
tainty principle, 

(7.13) 

The Heisenberg uncertainty principle, which marks the birth of the 
quantum theory of measurement, led to a historic unresolved debate 
regarding the limits to the information that can be obtained in the 
quantum measurement of a single system. 

The uncertainty principle limits the determination of both position 
i ( t )  and momentum j ( t )  of a free mass at a given time t ,  from the 
results of simultaneous position and momentum measurements per- 
formed on the single mass at this given time t. One could ask whether 
the uncertainty principle limits the information that can be obtained 
in a simultaneous measurement of the noncommuting position and 
momentum of the free mass, or whether the uncertainty principle 
imposes a more general limit to the information that can be obtained 
about the noncommuting position and momentum, which is indepen- 
dent of the measurement scheme. For example, one could attempt to 
determine both initial position i ( 0 )  and momentum i ( 0 )  of a free 
mass from a position measurement at t = 0 followed by another 
position measurement at a later time t. The result of the first position 
measurement could be used to estimate the initial position a(0). The 
results of both position measurements may be used to estimate the 
initial momentum j (0)  = [ i ( t )  - i(O)]m/t. Alternatively, one may 
attempt to determine both Ei(0) and i ( 0 )  from a momentum measure- 
ment at t = 0 followed by a position measurement at t > 0. In this 
case the result of the momentum measurement may be used to 
estimate the initial momentum B(O), and the results of both momen- 
tum and position measurements may be used to estimate the initial 
position i ( 0 )  = 2(t) - j(O)t/m. 

Would the uncertainty principle still hold in these cases where the 
noncommuting initial position and momentum of the free mass are 
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determined from the results of measurements of the single free mass, 
when the measurements are spaced in time? O r  is it possible in these 
cases to overcome the limit that the uncertainty principle imposes on 
the simultaneous measurement of the position and momentum? 

Schrodinger described this debate in his 1955 Dublin seminars 
[59]. He noted that in the late 1920s, in the early days of quantum 
mechanics, the following objection was raised against the uncertainty 
principle: Let a free mass be located by measurement at ( j Z ( O ) ) ,  
and again at ( i ( t ) )  at a later time t. Then obviously (b(0)) = 

( [ i ( t )  - jZ(O)])m/t is the momentum with which it has travelled from 
( i ( 0 ) )  to ( i ( t ) ) ,  thus the one it had at (jZ(0)). The accuracy of this 
estimate of the momentum depends on the accuracy of the two 
position measurements. As Schrodinger pointed out: 

The accuracy is not impaired [nor is it] increased by a very accurate 
location at [(.?(O))], hence for the initial moment [(A22(0))(Aj?2(O))] 
can be made arbitrarily small, smaller than [h2/4]. 

To this Heisenberg answered “Yes, but this belated information is of 
no physical significance; i t  was not forthcoming at the initial moment 
at [(2(0))];. . . i t  tells me nothing about what happened ‘after 
[(.?(t))]’. . . and, of course, for a simultaneous measurement of mo- 
mentum and [position] at [(i(t))] my uncertainty principle holds.” 

To this, one would have to say that it is all right, but if one accepts it, 
one grants to Einstein that quantum mechanical description is incom- 
plete. If it is possible to obtain simultaneous accurate values of 
[position] and [momentum], albeit belatedly, then a description 
which does not allow one to express them is deficient. 

Heisenberg, in his 1929 Chicago lectures, indeed suggested that the 
uncertainty principle applies only to the simultaneous knowledge of 
the present expectation values of noncommuting observables, which 
would require a simultaneous measurement of these observables to 
be performed at the present time. He suggested that the principle 
does not apply, in general, to the simultaneous knowledge of the 
expectation values of these observables at any given time, including 
the past [60]: 

The uncertainty principle refers to the degree of indeterminateness in 
the possible present knowledge of the simultaneous values of various 
quantities with which the quantum theory deals; it does not . .  . refer to 
the past; if the [momentum] of [a free mass] is at first known and the 
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position is then exactly measured, the position for times previous to 
the measurement may be calculated. Then, for these past times 
[(A2Z(0))(Ap*z(0))] is smaller than the usual limiting value.. . . 
Consider the estimation of the initial position i ( 0 )  and momentum 

j (0)  of a free mass from a position measurement at t = 0 followed by 
another position measurement at a later time t. As we showed in 
Section 7.2.4, in estimating the initial momentum of the mass, j (0)  = 
[ i ( t )  - i ( O ) ] r n / t ,  from the results of two such position measurements, 
the estimate error is in fact limited by the initial quantum uncertainty 
in the momentum, 

(7.14) 
mz 

( A [ i ( t )  - i(0>-J2) --p = (Aj’(0)). 

When the position measurements are exact, such that ( A i z ( 0 ) ) ,  
( A i 2 ( t ) )  -+ 0, the initial quantum uncertainty in the momentum, 
which incorporates the back-action noise due to the precise position 
measurement at t = 0, is infinite (Aj(0)2) + co, and the error in the 
estimate of the initial momentum is infinite as well. As we discussed, 
this is due to the correlation between the results of successive 
measurements, which are performed on the single free mass. In 
general, estimation of the initial momentum is always limited by the 
initial quantum uncertainty in the momentum regardless of the 
measurement scheme being employed. Whether the momentum is 
estimated from the result of a momentum measurement at t = 0 or 
from the results of two position measurements at t = 0 and t > 0, the 
estimate error is always equal to or greater than the initial momen- 
tum uncertainty. 

The same is true when estimating i ( 0 )  and j (0)  from a momentum 
measurement at t = 0 followed by a position measurement at t > 0. 
In estimating the initial position of the mass, i ( 0 )  = i ( t )  - j(O)t/rn, 
from the results of an exact momentum measurement followed by an 
exact position measurement, with both (Aj2(0)), ( A i z ( t ) )  + 0, the 
estimate error is limited by the initial quantum uncertainty in the 
position, which is infinitely large in this case and incorporates the 
back-action noise due to the precise momentum measurement at 
t = 0, 

= ( A i z ( 0 ) )  -+ 00. (7.15) 
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Here again this is due to correlation between the results of successive 
measurements performed on the single free mass. And, in general, 
estimation of the initial position is always limited by the initial 
quantum uncertainty in the position, regardless of the measurement 
scheme being employed. 

Thus the determination of both position i ( t )  and momentum b(t) 
of a single physical system at any given time t is always limited by 
the uncertainty principle ( A i 2 ( t ) ) ( A j 2 ( t ) )  2 h2/4. It is in fact im- 
possible to determine i ( t )  and b(t) beyond this limit, even when the 
time t belongs to the past. 

In 1931 Einstein, Tolman, and Podolsky proposed the first 
thought experiment of two entangled particles, specifically to exam- 
ine this limit which is imposed by the uncertainty principle on the 
simultaneous determination of past position and momentum of a free 
mass [61]: 

It is well known that the principles of quantum mechanics limit the 
possibilities of exact prediction as to the future path of a particle. It 
has sometimes been supposed, nevertheless, that the quantum mech- 
anics would permit an exact description of the past path of a particle. 
The purpose of the present note is to discuss a simple ideal experiment 
which shows that the possibility of describing the past path of a 
particle would lead to prediction as to the future behaviour of a second 
particle of a kind not allowed in the quantum mechanics. 

In their analysis, Einstein, Tolman, and Podolsky reached the 
same conclusion, that we draw from our analysis of the error in the 
simultaneous estimate of past position and momentum of a free mass: 

It will hence be concluded that the principles of quantum mechanics 
actually involve an uncertainty in the description of past events which 
is analogous to the uncertainty in the prediction of future events. 

We thus conclude that the uncertainty principle limits the simul- 
taneous determination of any noncommuting observables of a single 
quantum system at any given time, even when this time belongs to 
the past, and that to this end, quantum mechanics is complete. 
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7.5 MONITORING THE DYNAMIC OBSERVABLES OF A 
SINGLE DRIVEN HARMONIC OSCILLATOR 

Consider now the more general case of a harmonic oscillator driven 
by an external force. The Hamiltonian that describes this oscillator 
is H = h o(h: + h;) - f ( t ) $ , ] ,  where h ,  = ,/a; and 2, = 
fi/ 2 2hwm are the generalized position and momentum of the oscil- 
lator, respectively, f ( t )  = , / w m F ( t )  is the normalized force, and 
o is the natural angular frequency of the oscillator. In the limit of 
o + O ,  the harmonic oscillator is reduced to a free mass. The 
Heisenberg equations of motion for the oscillator give 

where gl(t) = gl(0) +d,(t) and F,(t) = E2(0) +h,(t) are the two slowly 
varying quadrature amplitudes, with b,(O) =hl (0 )  and h2(0) =h,(O), 
and where d,(t) = fo dt’ cos(ot’)f(t’) and d,(t) = fo dt’ sin(ot’)f(t’) 
are the in- and out-of-phase components of the force, respectively. 

The canonically conjugate quadratures of the oscillator are de- 
coupled from each other according to Eqs. (7.16) and (7.17). The 
out-of-phase component of the force d,(t) can be determined from the 
change in the first quadrature of the oscillator gl(t) - EI(O), and the 
in-phase component d,(t) can be determined from the change in the 
second quadrature h2( t )  - 6,(0). The correlation between gl(0) and 
gl(t), which leads to (A[g,(t) - 6,(0)12) = 0, implies that the deter- 
mination of d,(t) is independent of the initial uncertainty (A&O)). 
Similarly the correlation between 6,(0) and i2(t) implies that the 
determination of d,(t) is independent of (A&O)). Force detection 
via monitoring the quadratures of the oscillator is not limited by the 
initial quantum uncertainties in the quadratures, in analogy to the 
monitoring of the momentum of a free mass. 

The determination of d(t) = ifo dt’ exp( -iot’)f(t’) = d,(t) + id,(t) 
and also of f ( t )  is therefore limited only by the uncertainties 
in the initial and final simultaneous measurements of the canon- 
ically conjugate 6, and 6,, which satisfy the uncertainty relation 
(A6:)(A6;) 2 1/16. In terms of energy, the uncertainty associated 
with these measurements is 2ho((A6:) + (A6;)) 2 ho [126]. For 
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the signal d(r) to surpass this uncertainty, the force must exchange at 
least one quantum of energy with the oscillator such that 
hwld(t)l' 3 hw per sampling time interval. We conclude that this is a 
fundamental quantum limit to external force detection via monitor- 
ing the dynamic observables of a single harmonic oscillator. 

7.6 MONITORING THE NUMBER OF QUANTA OF ENERGY 
OF A SINGLE DRIVEN HARMONIC OSCILLATOR 

According to Eqs. (7.16) and (7.17), the external force can be 
determined also from the change in the number of quanta of energy 
of the harmonic oscillator 

where h = 6; + 6;. Braginsky et al. ([81, 821 and [S3], pp. 113-115) 
suggested, using semiclassical analysis, that when the oscillator is 
prepared initially in the number eigenstate Ik), both the average 
number change ( A ( t )  - A(0)) and the uncertainty in estimating this 
number change (A[A(t) - A(0)]2) are linear in k .  They suggested that 
the signal-to-noise ratio in determining the number change increases 
with the initial number of quanta of energy of the oscillator and that 
therefore there is no fundamental limit to determining the force. 
Hollenhorst [loo] and Caves et al. [S4] showed, in solving for the 
quantum mechanical time evolution of the oscillator, that the transi- 
tion probability & ' + k  P ( ( k )  + ( k ' ) )  increases with k .  They concluded 
that there is no fundamental limit to detecting the transition of the 
oscillator and suggested that there is no fundamental limit to 
detecting the force. Note, however, that detection of a transition of 
the oscillator does not give any information about the nature of the 
external driving force, such as estimates of the magnitude and relative 
phase of the force. Braginsky et al., Hollenhorst, and Caves et a]. 
suggested that force detection via monitoring the number of a driven 
oscillator using Q N D  mesaurements has no fundamental limit. This 
conclusion underlies the interest in Q N D  measurement schemes for 
external force detection ( e g ,  [101-1133). 

However, when the oscillator is initially in the number eigenstate 
Ik), the average number change ( A ( t )  - A(0)) = Id(t)12 is independent 
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Figure 7.3 Driven by the external force, the harmonic oscillator evolves in 
time from a number eigenstate, with (A(0)) = k and (AA’(0)) = 0 to a 
superposition of number eigenstates, with (A(t)) = k + ls(t)1’ and 
(AA’(t)) = (2k  + l)ls(c)l’. The signal-to-noise ratio in determining the num- 
ber change [ ( A ( t )  - A(O))I2/(A[A(t) - h(O)l2) = 16(t)(’/(2k + 1 )  decreases 
with the initial number of quanta of energy of the oscillator k .  The best 
signal-to-noise ratio is achieved when the harmonic oscillator is initially in 
a vacuum state with k = 0. 

of k .  The quantum uncertainty in the number change, 

is approximately linear in k ,  (A[A(t) - fi(0)I2) = (AA2(t)) = 

( 2 k  + l)ld(t)12 (which also implies the increase of the transition 
probability & ’ + k P ( l k )  -, Ik’)) with the initial number of quanta of 
energy k ) .  The signal-to-noise ratio in determining the number 
change actually decreases with the initial number of quanta of energy 
of the oscillator (Fig. 7.3). 

In general, regardless of the initial oscillator state, the average 
number change 
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is obtained from Eq. (7.18) by averaging over the unknown relative 
phase arg[6(t)] between the oscillator and the force. The minimum 
possible quantum uncertainty in the number change is obtained 
similarly from Eq. (7.19), using also the uncertainty relation for g1 
and h2 [126], 

Note that the minimum uncertainty is achieved when the oscillator is 
initially in the vacuum state 10). In general, regardless of the initial 
oscillator state, for the signal (h ( t )  - h(0)) = 16(t)12 to surpass the 
minimum possible quantum uncertainty ( A [ h ( t )  - h(O)]*) = 16(t)12 
of Eq. (7.21), the external force must exchange at least one quantum 
of energy with the oscillator IS(t)12 2 1 per sampling time interval. 
We conclude that this is a fundamental quantum limit to external 
force detection via monitoring a single harmonic oscillator, which 
was neglected so far. Force detection at this limit can be achieved by 
either Q N D  or standard destructive number measurements, and 
requires resetting of the oscillator state to the vacuum state after each 
number measurement. This is analogous to the monitoring of the 
position of a free mass, where force detection beyond the SQL 
requires resetting the state of the mass to a known contractive state 
after each position measurement. 

This minimum possible quantum uncertainty in the number 
change of Eq. (7.21) is due to the unknown and therefore arbirrury 
phase between the oscillator and the force. Such an arbitrary oscil- 
lator phase is also at the root of the quantum Zen0 effect of the 
oscillator, where a series of number measurements lead to dephasiny 
of the unitary time evolution of the driven oscillator (e.g., [18-211 
and also [66-691). 

7.7 EQUIVALENCE TO THE QUANTUM ZEN0 EFFECT OF A 
SINGLE DRIVEN HARMONIC OSCILLATOR 

In Chapter 6 we showed that the quantum Zen0 effect of a single 
system is more than a dephasing effect; it is a quantum measurement 
effect equivalent to that of the impossibility of determining the 
unknown quantum state of a single system [121, 1221. In Section 6.2 
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we considered an example of a two-level atom in a single-mode 
cavity. We showed that knowledge of the unitary time evolution of 
the photon-number in the cavity corresponds to knowledge of the 
initial quantum state of the single atom-photon system. Therefore it 
is not surprising that the information that can be obtained in a series 
of QND measurements of the photon-number in the cavity about the 
unitary time evolution of this photon-number is limited by the 
quantum Zen0 effect of the single atom-photon system. 

Consider now the unitary time evolution of the number of quanta 
of energy of a driven harmonic oscillator, which is initially in a 
superposition of number eigenstates EF= C, Ik). Using normal-or- 
dering of the unitary time evolution operator of the driven oscillator 
[128], and writing the number eigenstates { ( k ) }  in the coherent states 
{ l a ) }  representation Ik) = (d2u/n)(ctlk)lct), it can be shown [ 1201 
that the force will drive the oscillator to a final state for which the 
average change in the number of quanta of energy is 

Rewriting Ck = R sin(6'/2) exp(i4/2) and ck + = R cos(6'/2) exp( - i4/2) 
in terms of the magnitude R of the subvector C,lk) + ck+ Ilk + 1) 
and its angular orientation {6',4} in the subspace { Ik), Ik + 1)} gives 

c,*ck+ ,6(t)+ C,*+ ICkd*(t) = R2(6(t)l sin(6') cos{$-arg[6(t)]}. (7.23) 

According to Eqs. (7.22) and (7.23), exact determination of the 
average number change (A( t )  - A(0)) with a priori knowledge of the 
magnitude of the external force I6(t)( will allow determination of the 
projection of the initial unknown quantum state of the oscillator onto 
any of the fictitious spin subspaces {Ik),  Ik + l)}: sin(6') determines 
6' E [0, n] and cos{ 4 - arg[d(t)]} determines 4 - arg[G(t)] E [0,27c] 
up to a twofold degeneracy (i.e., 4 - arg[d(t)] and arg[G(t)] - 4). 
Exact determination of the number change allows the distinction to 
be made with certainty between different initial superpositions of the 
number eigenstates Ik) and Ik + 1). However, distinguishing between 
different unknown initial superpositions of Ik) and ( k  + 1)  with 
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certainty is impossible due to unitarity, or conservation of probabil- 
ity. Similarly, determining ( A ( t )  - A(0)) exactly is impossible. 

Knowledge of the unitary time evolution of the number of the 
oscillator therefore corresponds to knowledge of the initial quantum 
state of the single oscillator system. It is not then surprising that the 
information that can be obtained in a series of measurements of the 
number of the oscillator about the unitary time evolution of the 
number and about the external force is limited by the quantum Zen0 
effect of the single driven harmonic oscillator. 

Indeed, a series of number measurements of a single oscillator, 
which is prepared in a known quantum state, for the purpose of 
determining an unknown driving force is equivalent to a series of 
number measurements of an oscillator, which is driven by a known 
force, for the purpose of determining the unknown unitary time 
evolution of the number of the oscillator, or the unknown initial 
quantum state of the oscillator. The information that can be obtained 
about the unitary time evolution of the number of the oscillator is 
fundamentally limited. The information that can be obtained about 
the driving force via monitoring the number of the harmonic oscil- 
lator is therefore also fundamentally limited, in contradiction to the 
previous suggestions [SO-84,1001, yet in full agreement with the 
quantum Zen0 effect of the single driven harmonic oscillator. 

7.8 CONCLUSION 

We showed that there is a fundamental quantum limit to external 
force detection via monitoring the time evolution of a single har- 
monic oscillator. This limit is equivalent to the impossibility of 
determining the quantum state of the oscillator and to the quantum 
Zen0 effect of the oscillator. 

This limit requires an exchange of at least a quantum of energy 
between the force and the oscillator per sampling time interval, and 
vanishes for the free mass. Force detection beyond this limit is 
impossible, no matter what quantum state the oscillator is prepared 
in, what observables of the oscillator are being monitored, or what 
measurement schemes are being employed. 

This limit can be achieved via simultaneous monitoring of the time 
evolution of the two slowly varying quadrature amplitudes of the 
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oscillator, where the quantum uncertainties associated with the initial 
state of the oscillator do not limit the determination of both the 
magnitude and phase of the force, in analogy to the monitoring of 
the momentum of a free mass. Determination of the magnitude of the 
force at this limit can be achieved also via monitoring the number of 
quanta of energy of the oscillator, using either QND or destructive 
number measurements, where the state of the oscillator must be reset 
to the vacuum state after each measurement, in analogy to the 
monitoring of the position of a free mass. 

We also showed that the uncertainty principle limits the determi- 
nation of both position and momentum of a free mass at any given 
time, even when this time belongs to the past. We conclude that to 
this end quantum mechanics is complete. 



CHAPTER a 

ESTABLISHED LIMITS TO 
INFORMATION IN THE QUANTUM 
MEASUREMENT OF A SINGLE 
SYSTEM 

8.1 
EPISTEMOLOGICAL MEANING ONLY 

THE QUANTUM WAVEFUNCTION HAS AN 

We proved the impossibility of determining the unknown quantum 
wavefunction of a single system. By analyzing the statistics of the 
results of a series of quantum measurements performed on a single 
system, we showed that while it is possible to estimate the expecta- 
tion values of the measured observables using these statistics, with 
the estimate errors obeying the uncertainty principle, it is impossible 
to estimate the intrinsic quantum uncertainties of these observables. 
We showed that this effect is due to the reduction: Each measurement 
changes the wavefunction of the measured system in accordance with 
the measurement result, and therefore the statistics of each measure- 
ment result depend on the results of all the previous measurements. 

We proved that only the fully a priori known quantum wavefunc- 
tion of a single system can be determined in a series of measurements 
of this system. In analyzing the first model for a measurement 
without entanglement, we showed that in order to avoid the reduc- 
tion and induce only a deterministic change in the quantum state of 
the measured system, some a priori information about this quantum 
state must be utilized in the measurement process. Only this a priori 
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information is available from the statistics of the results of a series of 
measurements without entanglement of the single system, beyond the 
limit imposed by the reduction. In analyzing a model for the 
adiabatic measurement, and comparing the exact solution for the 
time evolution of the interacting signal and probe with the adiabatic 
approximated solution, we showed that the adiabatic approximation 
is not valid for the analysis of the quantum measurement of a single 
system. This is because it approximates an actual entanglement of the 
quantum signal and probe as a disentanglement, and therefore 
neglects the reduction in the state of the signal. 

We conclude that the information that can be obtained about the 
quantum wavefunction of a single system in a series of measurements 
of this system cannot account for the physical reality (i.e., ontological 
meaning) of the wavefunction, and that the quantum wavefunction is 
limited to having a statistical (i.e., epistemological) meaning only. 

8.2 THE QUANTUM ZEN0 EFFECT IS TRULY A 
MEASUREMENT EFFECT 

We considered the quantum Zen0 effect of a single system. This is the 
effect of a series of measurements on the unitary time evolution of the 
system and on the ability to monitor this time evolution using the 
measurement results. We proved that this effect, and that of the 
impossibility of determining the unknown quantum state of a single 
system, are two descriptions of the same phenomenon, in the 
Schrodinger and Heisenberg pictures, respectively. In the Heisenberg 
picture the measurement results cannot determine the initial quan- 
tum state of the system, and in the Schrodinger picture these results 
cannot determine the unitary time evolution of the single system. 

We conclude that the quantum Zen0 effect is more than a 
dephasing effect; it is truly a quantum measurement effect, that limits 
the determination of the unitary time evolution of any single observ- 
able of a single quantum system. 

8.3 THERE IS A FUNDAMENTAL QUANTUM LIMIT TO 
EXTERNAL FORCE DETECTION VIA MONITORING A DRIVEN 
HARMONIC OSCILLATOR 

We showed that there is a fundamental quantum limit to external 
force detection via monitoring the time evolution of a single har- 
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monic oscillator, and that this limit is equivalent to the impossibility 
of determining the quantum state of the oscillator and to the 
quantum Zen0 effect of the oscillator. 

In analyzing the monitoring of the dynamic observables of a free 
mass, which is driven by an external force, we showed that in the 
monitoring of the momentum of the free mass, estimation of the 
momentum change and therefore also the force is independent of the 
initial quantum uncertainty in the momentum because of the corre- 
lation between successive momentum measurement results. Prepara- 
tion or resetting of the state of the mass after each measurement is 
therefore unnecessary in this case. We showed, however, that in the 
monitoring of the position of the free mass, without resetting the state 
of the mass after each position measurement to a known state, 
estimation of the displacement is limited by the initial quantum 
uncertainty in the momentum, and therefore estimation of the force 
is limited by the SQL because of the correlation between successive 
position measurement results. This correlation, which was neglected 
in previous analyses, is also at the root of the impossibility of 
determining the quantum state of the single free mass. 

By applying this analysis to the historic debate about the meaning 
of the uncertainty principle, we showed that the uncertainty principle 
in fact limits the determination of both position and momentum of a 
free mass at any given time, even when this time belongs to the past. 
We conclude that to this end quantum mechanics is complete. 

In analyzing the monitoring of the dynamic observables of a 
harmonic oscillator, which is driven by an external force, we showed 
that in this case the detection of the external force is limited only by 
the uncertainty in the simultaneous monitoring of the two slowly 
varying quadrature amplitudes. This force detection scheme is inde- 
pendent of the initial quantum state of the oscillator, in analogy to 
the monitoring of the momentum of the free mass. We also showed 
that in the monitoring of the number of quanta of energy of a 
harmonic oscillator, which is driven by an external force, the detec- 
tion of the external force is limited by the minimum possible 
uncertainty in estimating the oscillator number change. Force detec- 
tion at this limit can be achieved by either QND or standard 
destructive number measurements. This scheme requires resetting of 
the oscillator state to the vacuum state after each number measure- 
ment, in analogy to the monitoring of the position of a free mass. 
Force detection in this scheme is limited by the unknown and 
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Illustration 8 In this book we have established the quantum theoretical 
limits to the information that can be obtained in the quantum measurement 
of a single system. 
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therefore arbitrary relative phase between the oscillator and the force, 
which is also at the root of the quantum Zen0 effect of the single 
driven harmonic oscillator. 

We conclude that there is a fundamental quantum limit to external 
force detection. This limit requires an exchange of at least one 
quantum of energy between the force and the oscillator (and vanishes 
for the free mass). Force detection beyond this limit is impossible, no 
matter what quantum state the oscillator is prepared in, what 
observables of the oscillator are being monitored, or what measure- 
ment schemes are being employed. 
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