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Quantum Zeno effect and the impossibility of determining the quantum state of a single system

Orly Alter and Yoshihisa Yamamoto
ERATO Quantum Fluctuation Project, Edward L. Ginzton Laboratory, Stanford University, Stanford, California 94305

~Received 17 July 1996!

The quantum Zeno effect of a single system is the effect of a series of measurements on the unitary time
evolution of the system and on the ability to monitor this time evolution using the measurement results. This
effect is shown to be equivalent to that of the indetermination of the quantum state of a single system@Phys.
Rev. Lett.74, 4106 ~1995!#, in which one considers the statistics of the results of a series of measurements
performed on a single system, with no time evolution in between successive measurements.
@S1050-2947~97!51204-2#

PACS number~s!: 03.65.Bz, 42.50.Dv
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The quantum Zeno effect, which was introduced by Mis
and Sudarshan~@1#, and see also@2,3#!, is the effect of a
series of quantum measurements, which induce reduction
the unitary quantum time evolution. This effect is manifes
in two types of~thought! experiments. In the first type, th
same series of measurements is performed on each syst
an ensemble of systems, all of which are prepared initially
the same pure state. This type of experiment correspond
the quantum Zeno effect of an ensemble, in which one c
siders the changes in the unitary time evolution of an
semble of identical systems due to a series of measurem
These changes were shown to be indistinguishable f
those due to dephasing~see, e.g.,@4–7#!, i.e., the predictions
of quantum mechanics regarding the changes in the t
evolution of the ensemble due to the series of measurem
are independent of the measurement results. Therefore it
also suggested that the quantum Zeno effect is a dynam
effect rather than a quantum measurement effect~see, e.g.,
@8–10#!.

In this Rapid Communication we consider the second t
of ~thought! experiments, in which the same series of me
surements is performed on each system in an ensemb
systems, all of which are initially in the same pure sta
where after each measurement the measured system
tained only if the measurement result equals the result th
obtained by the first system to be measured; otherwise
system is discarded. After each measurement, one is left
the subensemble of systems, which is defined not only by
initial pure state but also by the series of results obtaine
the series of measurements. This type of experiment co
sponds to the quantum Zeno effect of a single system
which one considers the following two questions: Ho
would the unitary time evolution of a single quantum syst
change due to a series of quantum measurements? Wh
formation about the unitary time evolution of the single sy
tem could be obtained from the series of measurement
sults? We show that, in the frame of reference that evolve
time with the system, these questions regard the indete
nation of the unknown quantum state of a single system@11–
13#: How would the initial quantum state of a single syste
change due to a series of measurements? What informa
about the initial quantum state of the single system could
obtained from the series of measurement results? It was
ready suggested that unlike the ensemble effect, the quan
Zeno effect of a single system cannot be thought of a
551050-2947/97/55~4!/2499~4!/$10.00
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dephasing effect~see, e.g.,@14,15#!. We show that the quan
tum Zeno effect of a single system and the indeterminat
of the quantum state of a single system are two differ
descriptions, in the Schro¨dinger and the Heisenberg picture
respectively, of the same phenomenon. Since the indete
nation of the quantum state of a single system is due to
reduction induced by the measurement process, we sug
that the quantum Zeno effect of a single system is more t
a dephasing effect, i.e., it is truly a measurement effect.

The following example of a two-level atom and a singl
photon mode in a cavity illustrates the relation between
quantum Zeno effect of a single system and the indeterm
tion of the unknown state of this system. The two-level ato
is described by its excited stateue&, its ground stateug&, and
the energy separation between them,\v. The single-photon
mode is described by the single-photon stateu1&, the vacuum
stateu0&, and the photon energy\n. On resonance,v5n,
with the rotating-wave approximation, where the energy
the stateue&u0& is taken as the zero-energy point, the Jayn
Cummings Hamiltonian of the two-level atom and th
single-photon mode in the cavity isĤ5\gŝx , where\g is
the strength of the interaction between the atom and the p
ton mode, and where

Î5ue&u0&^eu^0u1ug&u1&^gu^1u,

ŝx5ue&u0&^gu^1u1ug&u1&^eu^0u,

ŝy52 i ~ ue&u0&^gu^1u2ug&u1&^eu^0u!,

ŝz5ue&u0&^eu^0u2ug&u1&^gu^1u ~1!

are the identity operator and the fictitious spin component
the space$ue&u0&,ug&u1&%, respectively. Att50 the atom-
photon system is in the pure state

uc~0!&5cos~u/2!exp~2 if/2!ue&u0&

1sin~u/2!exp~ if/2!ug&u1&. ~2!

The free time evolution of the atom-photon system is de
mined by the unitary operatorÛ(t)5cos(gt)Î2isin(gt)ŝx ,
whereuc(t)&5Û(t)uc(0)&. One manifestation of this deter
ministic unitary time evolution is the oscillation of the pho
ton number in the cavity, with the Rabi frequencyVR52g,
R2499 © 1997 The American Physical Society
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R2500 55ORLY ALTER AND YOSHIHISA YAMAMOTO
^c~ t !un̂cuc~ t !&5sin2~u/2!cos2~gt!1sin2~gt!cos2~u/2!

1sin~f!sin~u!sin~2gt!/2, ~3!

where n̂c5ug&u1&^gu^1u. As is well known, a record of the
oscillations of the photon number in the cavity, if availab
would indicate the strength of the atom-photon interacti
We would like to emphasize that a record

^c(t)un̂cuc(t)& would also indicate the initial state of th
atom-photon system: sin(u) would determineuP@0,p# and
sin(f) would determinefP@0, 2p# up to a twofold degen-
eracy,f andp2f. Therefore, one could determine the in
tial atom-photon state up to a twofold degeneracy.

In the fictitious spin space, the Hamiltonian of the ato

photon system,Ĥ52VW R•(\sŴ /2) with VW R522geW x , where
eW x is a unit vector in thexW direction, corresponds to th
precession of the fictitious spin of the system in the refere

frame $xW ,yW ,zW%, dsŴ (t)/dt52VW R3sŴ (t), where sŴ (0)
52r̂(0)2 Î and wherer̂(0)5uc(0)&^c(0)u is the initial
density operator. As the fictitious spin precesses, its pro
tion onto thezW axis oscillates. These are the Rabi oscillatio
of the energy of the system between the atom and the ph
mode. In the frame of reference that rotates with the fictitio
spin, $xW8,yW 8,zW8%, where xW85xW , yW 85yWcos(VRt)2zWsin(VRt)
and zW85zWcos(VRt)1yWsin(VRt), the spin always points in its
initial direction, but theyW and zW axes precess in time. Th
time evolution of the photon number in the cavity is now
record of the projection of the fixed spin onto the time p
cessing axiszW5zW8cos(VRt)2yW8sin(VRt). In order to deter-
mine the initial direction of the fictitious spin one needs
know its projections along thexW , yW , and zW axes; i.e., one
needs to measureŝx , ŝy , and ŝz . Indeed, the process o
free precession in time interrupted by repeated measurem
of ŝz appears in the rotating frame of reference as a serie
measurements of the time-varying observableŝz

5ŝz8cos(VRt)2ŝy8sin(VRt). These measurements provide i
formation about the projection of the fictitious spin in th

$yW ,zW% plane only, from which one could determine the initi
direction of the spin up to a twofold degeneracy due to m
ror symmetry about the$yW ,zW% plane.

Assume now that one was trying to obtain a record of
unitary time evolution of the atom-photon system, fro
which the initial state of the system may be deduced, usin
series of back-action evading~BAE! measurements of th
photon number in the cavity@16#. Each time a measuremen
is performed, the atom-photon state is correlated in an o
cal Kerr medium in the cavity to a squeezed probe s
ua,r &p , with the excitationuau2 and the squeezing paramet
r . This process is described by the unitary opera
Û(n̂c)5exp(imn̂cn̂p), where n̂c and n̂p are the photon-
number operators of the cavity mode and the probe, res
tively, andm is the coupling strength. The second-quadrat
amplitude of the probe,â2,p , is measured precisely; and
the initial phase of the probe is zero, and the coupling
weak,m!1, then the measurement resulta2 gives the in-
ferred photon numberñ>a2 /(uaum) with the inference error
,
.
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D25e22r /(2uaum)2. The probability-amplitude operator@7#
that describes this measurement process is

Ŷ~ n̂c ,ñ !5p^ñ uÛ~ n̂c!ua,r &p

5Y11~ ñ !ue&u0&^eu^0u1Y22~ ñ !ug&u1&^gu^1u,

Y11~ ñ !5exp@2ñ 2/~4D2!#/A4 2pD2,

Y22~ ñ !5exp@2~ ñ21!2/~4D2!#/A4 2pD2, ~4!

where it is assumed, without loss of generality, th
exp(6ia2m)51. Note that this is a general form for a
photon-number BAE measurements, for whichñ andD are
the measurement result and error, respectively. The stat
the atom-photon system after the measurement
r̂a(ñ )5P(ñ )21Ŷ(n̂c ,ñ ) r̂bŶ

†(n̂c ,ñ ), where

r̂b5r11ue&u0&^eu^0u1r12ue&u0&^gu^1u

1r21ug&u1&^eu^0u1r22ug&u1&^gu^1u ~5!

is the atom-photon state before the measurement
P(ñ )5uY11(ñ )u2r111uY22(ñ )u2r22 is the probability of
obtaining the measurement resultñ.

The effect of the measurement on an ensemble of s
tems, which is independent of the measurement results,
reduce the coherences, i.e., the off-diagonal elements, o
ensemble density operator and therefore it appears to
similar to the effect of dephasing,

r̂a5r11ue&u0&^eu^0u1r22ug&u1&^gu^1u1exp@21/~8D2!#

3~r12ue&u0&^gu^1u1r21ug&u1&^eu^0u!. ~6!

This is why quantum dephasing is considered to be a co
quence of a measurement process, where the correspon
measurement result cannot be recorded. Indeed, the qua
Zeno effect of an ensemble, the effect of a series of meas
ments on the time evolution of an ensemble of systems,
shown to be indistinguishable from the effect of dephas
~see, e.g.,@4–7#!. So is the case in our example, where t
series of photon-number measurements introduce depha
of the unitary photon-number oscillations. When the me
surements are imprecise,D.1, their disturbance of the co
herence between the atom and the photon mode is small
the photon-number oscillations are underdamped@Fig. 1~a!#,
and when the measurements are precise,D,1, the photon-
number oscillations are overdamped@Fig. 2~a!#. Yet, the time
dependence of the ensemble average of the results of
photon-number measurements, i.e., the time evolution of
expectation value of the cavity photon number, would allo
determination of the initial state of the identical atom-phot
systems, even though it includes the damping that is indu
by the series of measurements. Also, the unitary time ev
tion of the photon number, i.e., the Rabi frequency of t
photon-number oscillations, can be determined from the
sults of a series of photon-number measurements perfor
on an ensemble of atom-photon systems.

The results of a series of photon-number BAE measu
ments performed on a single atom-photon system, howe
can be used to determine neither the unitary time evolu
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55 R2501QUANTUM ZENO EFFECT AND THE IMPOSSIBILITY . . .
of the photon number in the cavity, nor the initial state of t
single system@Figs. 1~b! and 2~b!#. This is because, in the
process of the quantum measurement, the state of the s
system is changed according to the measurement result.
of the results of a series of measurements performed o
single system depends statistically on all of the previo
measurement results, regardless of the precision of the m
surements. Due to their statistical dependence, these re
cannot determine the initial quantum state of the single s
tem fully @11,12#, and in our example they also cannot d
termine the unitary time evolution of the single system.

In this example, knowledge of the initial state of th
single atom-photon system corresponds to knowledge of
unitary time evolution of this system. A series of measu
ments, which is designed to obtain the unitary time evolut
of the single system, would have the same effect on
system as a series of measurements that is designed to o
the initial quantum state of this system in the absence
unitary time evolution.

Recently we showed that the quantum state that descr
a single system cannot be determined from the results
series of measurements performed on the single sys
~@11,12# and see also@13#!. Let us now show that this effec
of the indetermination of the unknown quantum state o
single system is equivalent to the quantum Zeno effect o
single system. Consider a series ofn measurements of th
observableq̂ performed on a single quantum system duri
its unitary time evolution in the time intervaltP@0,T#. The
initial state of the system is described by the density oper
r̂0, and the deterministic time evolution of the system

FIG. 1. A series of imprecise photon-number measureme
with the errorD52 at a rate of 32VR /p, performed on an atom
photon system withuc(0)&5ue&u0&. ~a! The averages over the en
semble measurement results determine the underdamped os
tions of the photon number in the cavity;~b! the results obtained
from a single system cannot estimate these underdamped os
tions.
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between the (k21)th and the kth measurements a
tk215(k21)T/n and tk5kT/n, respectively, is described
by the unitary operatorÛk , r̂k5Ûkr̂k21Ûk

† . The kth mea-
surement process attk5kT/n, i.e., the preparation of the
kth probe in the pure stateuf&p,k , the interaction of this
probe with the measured systemÛM(q̂), and the result of the
measurementq̃k , which corresponds to the state o
the probe after the measurementuq̃k&p,k , is described
by the probability-amplitude operator Ŷk[Ŷ(q̂,q̃k)
5p,k^q̃kuÛM(q̂)uf&p,k . The state of the system after th
kth measurement isr̂a,k5P(q̃k)

21Ŷkr̂b,kŶk
† , where r̂b,k is

the state of the system before this measurement;
P(q̃k)5 Trs@Ŷkr̂b,kŶk

†#, with the trace over the operators o
the measured system, is the probability to obtain the m
surement resultq̃k . The density operator, which describe
the single system att5T, after thenth measurement is

r̂S5PS~ q̃1 , . . . ,q̃n!
21ŶnÛn ••• Ŷ1Û1r̂0Û1

†Ŷ1
† ••• Ûn

†Ŷn
† .
~7!

The probability density of obtaining the series of measu
ment results (q̃1 , . . . ,q̃n) is

PS~ q̃1 , . . . ,q̃n!5 Trs@ŶnÛn ••• Ŷ1Û1r̂0Û1
†Ŷ1

† ••• Ûn
†Ŷn

†#

5 Trs@ Ẑn ••• Ẑ1r̂0Ẑ1
† ••• Ẑn

†#

5PH~ q̃1 , . . . ,q̃n!, ~8!

where we used the unitarity of the time evolution operato
ÛkÛk

†5 Î , with Î being the identity operator an

s,

illa-

lla-

FIG. 2. A series of precise photon-number measurements,
the errorD50.1 at a rate of 32VR /p, performed on an atom-
photon system withuc(0)&5ue&u0&. ~a! The averages over the en
sembe measurement results determine the overdamped oscilla
of the photon number in the cavity;~b! the quantum jumps exhib
ited by the results that are obtained from a single system ca
estimate these underdamped oscillations.
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R2502 55ORLY ALTER AND YOSHIHISA YAMAMOTO
where Ẑk[Ẑ(q̂k ,q̃k)5Û1
† ••• Ûk

†ŶkÛk ••• Û1. Note that
PH(q̃1 , . . . ,q̃n) describes the probability density to obta
the series of results (q̃1 , . . . ,q̃n) in the series of measure
ments (Ẑ1 , . . . ,Ẑn) of the single system, with no time evo
lution in between successive measurements. The stat
the system after this series of measurements is describe
r̂H5PH(q̃1 , . . . ,q̃n)

21Ẑn ••• Ẑ1r̂0Ẑ1
†••• Ẑn

† .
Since the statisticsPS(q̃1 , . . . ,q̃n) and PH(q̃1 , . . . ,q̃n)

are equal, the physical processes that they describe
equivalent. Whiler̂S is the density operator of the system
t5T in the Schro¨dinger picture, where the time evolution
attributed to the state of the system,r̂H is the density opera
tor of this system in the Heisenberg picture, where the ti
evolution is attributed to the observables associated with
system and therefore also to the probability-amplitude op
tors. In fact,r̂H could be viewed as the state of the system
t5T in the reference frame that evolves in time with t
system. Indeed, in the specific case of BAE measureme
where @Ŷk ,q̂#5@ÛM(q̂),q̂#50, the probability-amplitude
operators in the Heisenberg picture describe succes
measurements of the time-evolving observableq̂k
5Û1

† ••• Ûk
†q̂Ûk ••• Û1. For example, the case of repeat

photon-number BAE measurements of a two-level atom
a single-photon mode in a cavity can be viewed in the sp
of the fictitious spin associated with the atom-photon sys
using the Schro¨dinger picture, in which the photon-numbe
measurements correspond to measurements ofŝz , the zW

component of the precessing spinsŴ (t). In the Heisenberg
picture, i.e., in the frame of reference that rotates with
spin, the photon-number measurements correspond to
peated measurements of the precessing observ
ŝz5ŝz8cos(VRt)2ŝy8sin(VRt).

The Schro¨dinger and the Heisenberg pictures descr
equivalent physical phenomena. In the Schro¨dinger picture
r̂S describes the effect of a series of measurements of
same observable on the free time evolution of a single s
t
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tem, andPS(q̃1 , . . . ,q̃n) describes the information about th
free time evolution of the system that is contained in t
measurement results. The Schro¨dinger picture, therefore, de
scribes the quantum Zeno effect of a single system. In

Heisenberg picturer̂H describes the ‘‘inverse’’ quantum
Zeno effect of a single system@17,18#, i.e., the stochastic
‘‘time evolution’’ of a single quantum system due to a seri
of measurements of time-varying observables; a
PH(q̃1 , . . . ,q̃n) describes the indetermination of the u
known quantum state of a single system. The quantum Z
effect of a single system is equivalent to this effect of t
indetermination of the unknown quantum state of a sin
system.

Presenting the quantum Zeno effect of a single system
the Heisenberg picture, it is obvious that the only change
the state of the system arise from the measurement proc
due to the reduction that is induced by the measurem
These changes prohibit the determination of the quan
state of the single system using the measurement results.
quantum Zeno effect of a single system can be thought o
a ‘‘screening’’ effect: The series of measurements change
unitary time evolution of the single system in such a way t
the initial state of the system cannot be determined from
measurement results.

We have shown that the quantum Zeno effect of a sin
system and the indetermination of the unknown quant
state of a single system are two descriptions, in the Sch¨-
dinger and the Heisenberg pictures, respectively, of the s
phenomenon: the effect of a series of measurements on
state of the single system, as a consequence of the redu
that is induced by the measurements. In the Heisenberg
ture the series of measurement results cannot give full in
mation about the initial quantum state of the system, and
the Schro¨dinger picture these results cannot give full info
mation about the unitary time evolution of the single syste
The quantum Zeno effect of a single system is, therefo
more than a dephasing effect, it is a quantum measurem
effect.
s
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